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The MV-algebras arc the algebraic structures corresponding to the infinite valued
caleulus of Lukasiewicz. In this paper we investigate the monadic and the closure MV-
algebras and we establish some connections between them. We also prove that monadic
MV, -algebras are polynomially equivalent to monadic a-valued Lukasiewicz—Moisil
algebras for n =3 and n = 4.
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The MV-algebras were introduced in [4] as algebraic structures
corresponding to the infinite valued propositional calculus of
Lukasiewicz. The quantifiers defined on an MV-algebra appear in
[13,14]. These two papers developed the algebraic logic for the infinite
valued predicate calculus [2].

The aim of this paper is to investigate the monadic and the closure
M V-alpebras and some connections between them. Section | presents
some important features of MV-algebras and Section 2 is concerned
with some basic propertics of monadic MV-algebras. Section 3 deals
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with closure MV-algebras and with their relationship with monadic
MV-algebras. The closure MV-algebras reflect algebraically some
many-valued modal propositional logic [11]. We study the concept of
Peideal in a closure MV-algebra. In Section 4 we establish some
connections between monadic MV -algebras and monadic n-valued
Lukasiewicz— Moisil algebras ([3,7,9]) forn = 3 and n = 4,

1. PRELIMINARIES ON MV-ALGEBRAS

In this section we shall briefly describe MV-algebras. For a better
understanding one can see [4, 5].

An M V-algebra is an algebra {4, @, ~,0) with a binary operation ¢,
a unary operation ~ and a constant 0 such that

0. (4. @, 0 is an abelian monoid,

1. ¥ = x for every x€ 4,

2. x @ 0=0 for every x € 4,
L.X®yPy=y @ x @ xforevery x, ye 4.

On each MV-algebra we define the constant | and the binary
operations &, — and € as follow:

g

def = =
XOy=X07,

def _
x>yExE®y,

X0y - x 0Oy
The following identities immediately follow:

4, 1=0,

5. x®y=3%x O y for every x, y € 4,

6. xg 1 =1 for every x € 4,

7. x®x=1x 0 %¥=0 for every x € 4.

Example I Let n>2. If we denote L, = {0,4,...,%=},1} and we
define the operations x &y = min(l,x + y) and X =1 —x for every
x, yeL, then (L,, ®, ~,0) is an MV-algebra.

Let A be an MV-algebra. For any two clements x, y of 4 we say that
x<yiffy=x @ (y @ X). It follows that < is a partial order, which is
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called the natural order of A. The natural order determines a lattice
structure on A. The corresponding join and meet are given by the
formulas:

xVy=xa& (xoy),
x A p=xG (¥ &y
In every MV-algebra A the following equations hold:
8. xo(yva) = xeoNVxesz), x@(yArz)=xDp) A (xdz) lor

every x, ¥,z € A.

The defined operations vV and A make 4 a distributive lattice with
least element 0 and greatest clement 1.

LevMMma 2 [4] In every MV-algebra A the following properties hold:

() x<yiffyr<x

@) ifx < ythen x®z < y®zand xOz<y&z,
() x<yiffxoy=1iffx©y=0,

() xy<x A y<x<xVy<xody.

We say that an MV-algebra is linearly ordered if the order relation
is total. An MV-algebra is complete if it is complete as a lattice.

LeEMMA 3 [1] In every MV-algebra A the following equalities hold:

(1) a @ \/xl = \/(a D x), ad /\x,- = /\(a @ x),

ief el icl iel
(if) a0 \x=\(@eox), 0 Axi=/Aaox),
icl iel ied icl

(iil) if A is linearly ordered then

Veoxy=\Vxe\x Vxox)=\VxoVx
iel

il ied iel iel el
ief el bi=i'§ icl icl il

If we denote C(A) = {x|x @ x = x} then for every x, y€ C(4) the
operations Vv and @ coincide and C(4) is a Boolean algebra (we call it
the Boolean center of A).
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LeMmMA 4 In every MV-algebra the following properties hold:

(1) yozsx iff y<x®57

(r2) (xopvzz@xv)e(yvz), xeyAzsxAz)e(yAz).
If x € A we define:

(i) Ox=0, (r+lx=nx@ x,

- 1
(i) L=1 x"=x"0x
where n is a natural number.

The order of an element x(ord(x)) is the least natural number # such
that #x = 1. If no such integer n exists then ord(x) = co.

We say that an MV-algebra is locally finite if every non-zero element
has a finite order.

In [6] R. Grigolia defined the MV -algebras as corresponding
algebraic structures of the n-valued propositional calculus. We say that
an MV-algebra A4 is an MV -algebra il it satisfies:

n—1 n—1

9 n—Dxdx=m—1)xand x
10. If n > 4 the following axioms are added:

® %=X for every xe€ 4
()6 Ee G- =0and (1 —D)[x & (xo ¥ =1
for every x€ 4 and 1< j< n—1 such that j does not divide n—1.
Remark 5 The algebra L, defined in Example | is an MV, -algebra
In an MV, -algebra 4 we define x* = (n— 1)x.

LEMMA 6 [6] Inevery MV, -algebra A the following equalities hold for
every x € A

(i) x A x*=0,
Gy (n—1)(xvx*)=1

Let (A, @, ~, 0) be an MV-algebra. For cvery x and p in A the
following properties hold:

() xO (O =3V yx0r—N=xAy
(rd) x<yif xoy=0if x - y=1,
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() (xoyez=x0(BE, s = (y—g=(Eay ~5
(r6) if x<ythenze y<zoxandy —» z<x — z

We finish our presentation with some properties of MV-ideals. Il' 4
is an MV-algebra then a nonempty subset I of 4 is an MV-ideal if for
every x, y€ A the following are satisfied:

(il) y<x, xel=yel
(i2) x, yel=x® yel.

In the sequel, for an MV-algebra 4, we shall say that /€ 4 is an
ideal if T is an MV-ideal of 4.

If we denote d(x,¥) = (x © ») @ (¥ © x) then we can associate with
an ideal I the relation defined by

x~yedxy) el

which is a congruence relation with respect to the MV-algebra
operations. On the other side, if ~ is a congruence on an MV-algebra
A then [ = {x | x ~ 0} is an ideal. It is easy to see that there is a one to
one correspondence between the sct of all ideals of an MV-algebra and
the set of its congruences [4]. If we denote by A/ the set of all
congruence classes and by [x] the congruence class of the element
x€ A, then we can define the MV-operations in a natural way:
[x] @ [¥] =[x ® ], [x] = [%] and 0,7 = [04]. It is easy to see that 4/J
becomes an MV-algebra.

2. MONADIC MV-ALGEBRAS

This section is a brief presentation of monadic MV-algebras (see
[13,14]). We remind some of their properties and we investigate the
monadic ideals of a monadic MV-algebra.

DerFINITION 7 A monadic MV-algebra is a pair {4, 3} where 4 is an
MV-algebra and 9 : 4— 4 is a mapping which satisfies the following
axioms:

MO. 30 = 0,
M1, x<3x,
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M2. A(x © 3y) = Ix @ Ty,
M3. A(x ¢ Jy) = Ix @ Ay,
M4, F(x @ x)=3x © Ix,
M5, 9(x @ x) = Ix @ Ix.

IT we define Vx = Jx for any x € 4 then the following properties
hold in A:

MO, V1 =1,

MI1°, ¥x<x,

M2°. ¥ (x & Vy) =VY¥x @ Vy,
M3°, ¥(x ® Vy) =Y¥x © Yy,
M4°, V(x @ x) = ¥Vx @ Vx,
M5, ¥V(x @ x) =V¥x O ¥x.

We can also define a monadic MV-algebra as a pair (4, V) where 4
is an MV-algebra and ¥ is a mapping which satisfies the above con-
ditions M0”—M>5°.

If A is an MV-algebra then an existential quaniifier on A is a
mapping 3: A— A which satisfies the axioms MO—M5. A universal
quantifier on A is a mapping ¥: A—4 which salisfies the axioms
MO0° —-M35°.

LeMMa & [13] In every monadic MV-algebra the following properties
are satisfied:

M 31=1,
(i) 33x = 3x,
(iify 3(3x) = I,
() 3GEx © ) = Ix © Iy,
() I@x @ I)=Ix D Iy,
(vi) I(an3b) = Fa A 3b,
(viiy (a Vv b) = 3a Vv 3b,
(viii) x <y = Ix <y and Vx <Yy,
(ix) Jvx = ¥x, ¥Ix = 3x.

LevmMa 9 Let (A, 3) be a monadic algebra. Then

() I(x2y) <3Ixd Dy,
(i) Ix eIy <AxSy),
(i) 3(Vier ) = Vier 350
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Proof

(i) From x @ y < xp Iy it follows that I(xdy) < Ix @ dy) =
dx & dy.
(ii) From M1 and Lemma 2 it follows that x © Iy < x @ y. Using
Lemma 8 and M2, we obtain Ix© Iy = I(x @ Ip) < I(x o).
(i) Let x = \/;;;x;, 50 3x; < 3x. Let y€ 4 be such that dx; <y for all
i€ 1. We have that x; < Jx;=VIx; <Vy for all i€/, so x <Vy and
it follows that Ix < Iy = vy < y.

Example 10 Consider a pair (X, R) where X is a nonempty set and R
is an equivalence relation on X. Let L be a lincar complete MV-algebra
(for example L = L,). Then L* is an MV-algebra. Define the function
3: LX— 15 by

(A)(x) = \/{P(,VNXR)/} forany p € L¥ and x € X.

Then (LX, 3) is a monadic MV-algebra. The axiom MO is obvious
and M1 follows from the fact that R is reflexive. We shall verily only
the axioms M3 and M4 in Definition 7.

(M3) For p, g L* and x € X we obtain, using Lemma 3 (i), 3(p & 3¢)
(x) =V {p() ® (v {g(z) |yRz}) | xRy} = V { p(y) © q(2) | xRy,
YRz} (Fpd 9)(x) =\ {p(y) & ¢(z)| xRy, xRz} But R is an
equivalence relation, hence xRy and yRz iff xRy and xRz,
therefore 3(p & Jg)(x) = (Fp @ Fg)(x).

(M4) A pep)ix) =\ {p(y)Op(»)| xRy} Using Lemma 3, (iii), we
obtain 3(pep)(x) = (V{p() xRy} OV{p() | xRy}) =
(Fp ® Ip)(x}.

DeriniTioN 11 Let {4, 3) be a monadic MV-algebra and 7€ 4. We

say that [ is a monadic ideal it I is an ideal of A and for every x € 4

the following condition is satisfied:

xel=dxel

Remark 12 Let (A, 3) be a monadic MV-algebra and let X be a set of
elements from A. The monadic ideal generated by X in {4, J) is

(X|a={vedly<Ix & -+ B Ixp, X1,..., % € X}
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LemMa 13 If Tis a monadic ideal then A1 is a monadic MV-algebra.

Proof We have to prove that d(x,y) € [ implies d(Jx, Jy) € 1. From
d(x,y)el it follows that x8y, yoxel, so Ixoy), Ayex el
Using Lemma 9(ii) we obtain dx&dy, dyedxel from which
d(Fx, Iyyel If we define I([x]) = [Ix] it follows that (A7, 3) is a
monadic MV-algebra.

Remark 14  3(A) is subalgebra of the monadic MV-algebra A (from
MO and Lemma 8§ (ii), (iii), (v)).

Prorosition 15 There is a one to one corvespondence between the

ideals of 3(A) and the monadic ideals of A. Moreover, maximal ideals of

A(A) correspond to monadic maximal ideals of A.

Proof If Jis an ideal of the MV-algebra 3(4) then J = {x|there is
yeJ, x <y} (the MV-ideal generated by /in A) is a monadic ideal of
A, If I'is a monadic ideal of A then /M3 (A4) is an ideal of A(A4). Tt is
casy to sce that / = In 3(A4) and J = J 1 3(A4) for every monadic ideal
I of A and for every ideal .J of 3(A).

DeFINITION 16 A monadic MV-algebra {4, 3) is simple if {0} is the
only proper monadic ideal of 4. An existential quantifier 9 defined on
4 is simple if for every x # 0 the order of Jx is finite.

LEMMA 17 A monadic MV-algebra (A, 3} is simple if and only if 3 is
a simple quantifier.

Proof Let (4, J) be simple and x # 0. Then the monadic ideal
generated by x is not proper, so there is a natural number # such that
ndx = 1 and ord(dx) < oc.

Let 3 be a simple quantifier and 7 a proper monadic ideal of A. If
there is an element x £ 0, x €[ then Jx € [, sol € ] which contradicts
the fact that I is proper.

CoroLLARY 18 A monadic MV-algebra {A, ) is simple if and only if’
A(A) is a locally finite MV-algebra.

ProposiTiON 19  Every monadic MV,-algebra is isomorphic (o a
subdirect product of simple monadic algebras.

Proof’ In|[6]itis proved that the intersection of all the maximal ideals
of an MV, -algebra it is equal to {0}, so by Proposition 15 we obtain
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that the intersection of all maximal monadic ideals of a monadic MV,
algebra is {0}. Let 4 be a monadic MV ,~algebra and Max(A) the set of
monadic maximal ideals of 4. We define a natural embedding [rom
A 10 [Taremaxcayd/M which associates with an element from A the
family of its classes. The intended result is now obvious.

3. CLOSURE MV-ALGEBRAS

A closure Boolean algebra is a pair (B, Py where B= (B, Vv, A, .0, 13
is a Boolean algebra and P is a unary operation on B satisfying the
following properties:

PO =0,
P(xvy)=PxV Py,
% &L Px;

PPx €.PX

for any x, y in B. The closure Boolean algebras are algebraic models
for the classical modal propositional logic S, so they are also called S,
modal Boolean algebras. If we denote Qx = PX and we add the axiom

POx < 0x

we say that (B, P) is an Ss modal Boolean algebra. These structures
reflect algebraically the classical modal propositional logic Ss.

In [11] there were studied some modal systems for n-valued
Lukasiewicz logic. A natural problem is to consider the adequate
algebraic structures for these modal logics.

In this section we shall define closure M V-algebras. Our definition is
inspired by the system of axioms associated with the modal system S4
for n-valued Lukasiewicz logic [11].

DEFINITION 20 Let 4 = {4, ®,®, ,0,1) be an MV-algebra and
P A——A a map defined on A. We say that (4, P} is a closure MV-
algebra (ot S4 modal MV-algebra, or topological MV-algebra) if P
satisfies the following axioms:

AQ. PO=10,
Al (PxoPY) < P(xEy),
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A2. P(xQy) < Px(O Py,
A3, PxOPx<P(x®x),
A4, Px@ Px<P(x&x),
AS. x< Px,

A6, PPx < Px.

Let O: A— A be the map such that Ox = Px for every x € A. Then Q
satisfies the following properties:

A0°. Q1 =1,

Al% O(x— ) <(Qx— 0Oy),
A2°. Ox DOy <Q(xDy),
A3°. Q(x B x) <0xs Ox,
Ad®. O(x O x) < 0Oxo0x,
A5, Ox<x,

A6°. Ox < QQ0x.

LemMa 21 Let (A, P) be a closure MV-algebra and x,y arbitrary
elements in A. The following properties are satisfied:

() x<y= Px<Pyand Ox < Qy,
() P(x®y) < PxDPy.Q(x0y) = 0x 00y,
(if)) P(x®x)=Px® Px, Q(x®x) = 0OxD Ox,
() Pxdx) = Pxd Px, Q(xx) = Ox® Ox,
(v) P(Px©Py) = PxQPy, Q(Ox®0y) = Ox®Qy,
(vi) P(Px@® Py) = Px& Py, O(0x© Qy) = Ox Oy.

Proof

(i) If x<ythen x&y = 0; from Al and A0 we have Px & Py = 0, so
Px< Py.

(i) P(x@y) = PX)VP(x @ y) = P(xX)D (P(x & y)© P(x)); using Al we
obtain P(x @ y)<Px @ P(x@y)Ox)=Px @ P((x ©y) OF) =
Px @ P(y A X)< Px Py.

(iii) From A2 and A3.

(iv) Using A4 and (ii) the intended relation is obvious.

(v) From A5 and A6 it is obvious that 7 = PP. From A2 we obtain
P(Px® Py)< PPx®O PPy = Px@ Py. The converse inequality
follows from A3,

(vi) follows in a similar way but using (ii) instead of A2.

We are able to give an equivalent definition for closure MV-
algebras.
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DeriniTION 22 Let 4 be an MV-algebra and P: A—A. The pair
(A, P}y is a closure MV-algebra if P satisfies the axioms A0, A2-A6
and

Bl. P(x&y) < Px® Py,
B2, g = PX s Py

for every x, y€ 4.
LEMMA 23 Definition 20 is equivalent to Definition 22.

Proof From the previous lemma one can see that Definition 20
implies Definition 22. For the other implication it suffices to prove that
Al holds. Using (r5) we obtain (Px&Py)eP(xCy) = PxO
(Py @ P(xS)). Using Bl, (r6), (13), B2 and (r4) it follows that
(PxOP)OPxoy)SPxeP®xey)=PxoP(xVy) =0, so
P(x©y) S (Px S Py) = 0 which, by (r4), is an equivalent form for Al.

Example 24 Consider a pair (X, R) where X is a nonempty set
and RCX? a preorder relation, Let L be a linear and complete
MV-algebra. I we define P": LY — L¥ by

PH(p)ix) = v{p(»)|xRy} forevery pc L* andx € X

then (LY, P*) is a closure MV-algebra. This follows as in Example 10,
by using (r1) for Al.

We remark that axioms AO0— A4 hold for an arbitrary relation R,
but for A5 we need the reflexivity and for A6 the transitivity of R.

PROPOSITION 25 [f (A, P) is a monadie M V-algebra then (A, P) is a
closure algebra.

Proof The axioms A0, A3, A4 and AS5 follow from M0, M4, M5 and
M1. The axiom A6 follows from Lemma 8 (ii).

Al x<xVy=(x0NEy<(x0p»Ey < (xS8y)@ Py, so using M3 it
follows that Px <P(x©y)@& Py. From (rl) we get PxO Py <
P(xoyp).

A2. Using M, Lemma 8 (viii) and M2 we obtain P(x®y) <
P(x® Py) = Px® Py.

LemMa 26 If (A, P) is a closure algebra then the following identities

are equivalent:
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(i) Px = QPx,
(i) Qx = PQOx,
(i) PPx = Px,
(iv) Q0x = Ox.
Proof

(i) < (ii) and (iii) < (iv) by duality.
(i) = (iii) PPx = POx = Ox = Px.
(i) = (i) PQx% = PPx = PX = Q%
DerINITION 27 A closure MV-algebra {A. P) is an Ss modal MV-

| 7 ol T P | 3 Adad:
algebra 11 U1C 101 Juwmg, axiom is added:

AT. POx< 0Ox.

Remark 28 Let A be an MV-algebra and C(A4) the Boolean center of

A. If x and y are in C(A) then xOy=x A pyand x@p=xVy. Itis
easy to see that if (4, P) is an Sy (S5) modal MV-ulgebra then
{B(A), P|g o) 1s an Sy (Ss) modal Boolean algebra.

ProposiTION 29 If (A, P) is a closure algebra, then the following
assertions are equivalent:

(i) P is an existential quantifier on A,
(ify P satisfies

(1) PPx="Px,

(2) Px@® Py < P(x& FPy).

Proof (i) = (ii) (2) follows immediately from M3,

(1) From M1 we obtain Px < PPx. For the converse inequality we

use the fact that Px @ Px =0, so P(Px @ Px) = 0. From M2 we get
PPx & Px=0. It follows from Lemma 2 (iii} that PPx < Px.

(ii) = (i) The axioms M0 and M1 are A0 and A5, respectively. The
axioms M4 and M5 follow from Lemma 21 (iii) and (iv).

M2: x®Py<Px@®Py, so using Lemma 21 (v) we obtain
P(x® Py) < P(Px® Py) = Px® Py. For the converse inequality we
use (1) and Lemma 21 (ii) It follows that P(x ® Py)&

Py=Plx® Pﬂ"DPPv>P((\ )(‘DP;}’ZP(.?CVE)ZP(.Y), S0
{rl) implies Px® Py < P(x® Pl)
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M3: x@Py<Px@®Py, so using Lemma 21 (vi) we obtain
P(x @ Py) < P(Px® Py) = Px@ Py. Using hypothesis (2) we obtain
the converse inequality.

In the sequel we shall denote by () the following inequality:
(*)Px ® Py < P(x & Py)

CoroLLARY 30 [f (A, P) is a monadic MV-algebra then (A, P) is an
Ss modal MV-algebra.

Proof" By Propositions 25 and 29.

CoroLLARY 31 If (4, P) is an S5 modal MV-aigebra and P satisfies
() then (A, P} is a monadic MV-algebra.

[ 2 FRFRPN Dy T & a o
[IUU,' Dy LClilita A6 [e8 Jd

ProrosiTioN 32 If {4, P) is a closure MV-algebra and P has the
property (%) then the following are equivalent:

(i) P is an existential quantifier on A,
(it) P(A) is an MV-subalgebra of A,
(iif) PPx = Px.

Proof

(i) = (ii) From properties (iii), (iv) of Lemma 8.
(ii)= (iii) It is obvious that x € P(4) iff Px = x. Because P(4) is
subalgebra we have that Px € P(4). so P(Px) = Px
(iii) = (i) By Proposition 29.

Example 33

(a) Let X = {1,2) with the natural order relation. Following Example
24 we obtain that (LY, P) is a closure Boolean algebra, where
P(x,y) = (xVp,p). It is obvious that (*) is satisfied, but (iii) from
the above proposition is not, because PP(1,0) = P(0,1) = (1, 1) #
P(1,0) = (0 1).

Let X = {1,2,3} with the natural order. Then {L{,P) with P

dﬁ.ﬁned as in Example 24 is a closure MV algebra that satlshcs

.....

—
—

1/2,0) and V= I/Z,ﬂ,[))thcn Px= (1/2, 1/_,0)dnd Py = {]/2,0 0).
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One can see that Px ® Py = (1, 1/2,0) £(1/2, 1/%,1)) = P(x& Py). It
x=(1, 1/2, 0) then Px=(1, 1/2, 0), so PPx=P(0,1/2,1) =
(1,1,1) £ Px = (0,1/2, ).

Open question. Find an cxample of a closure algebra satisfying (iii)
and not (7).
In the sequel {4, P) will be a closure MV-algebra.

DeriNITION 34 An ideal [ of A is said to be a P-ideal if for every
x© A the following condition is satisfied:

xel=Pxel

Remark 35 The assertion stated in Remark 12 can be extended to
closure MV-algebras: if X is a set in a closure algebra 4 then the
P-ideal generated by X is

X,={pecdp<Px & - @ Px,, X1,...,%: € X}

The proof uses Lemma 21 (vi).
Definitions of proper and maximal ideal are given as usual.

DEFINITION 36 Let I be a P-ideal in a closure algebra {4, P). We say
that 7is P-prime provided it is proper and for all x, y € 4 the condition
Px A Py eI implies that Px<lor Pyel

ProprosITION 37  Every maximal P-ideal is P-prime.

Proof Let I be a maximal P-ideal and x, y two elements such that
Px aPyeland Px¢ [ Because [is a maximal P-ideal it follows that
(1U{Px}]p = 4, so there is an element e€ and a natural number £
such that Py <e@kPx. Using (r2) we obtain Py = Py ale®kPx)<
(Py A €)@ k(Py A Px). We have that Py ne€ [ (because Pyre<ecl)
and Py A Px € I [rom hypothesis, so Py € I.

ProposiTioN 38  Let [ be a proper P-ideal of the closure M V-algebra
{A, P). The following assertions are equivalent:

() 1is a maximal P-ideal,
(i) if x € A then Pxc I or kPx € [ for some keN.

Proof (i) = (i) Let xcA such thal Px ¢ I 1t follows that
(JU{Px}]p = A, so there is an element e€ [ and ;:njtura} number k
such that e@® kPx = 1. Tt follows that APx < e so kPx € L
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(i) = (i) Suppose 1 is not maximal. Then there is a proper P-ideal U
such that I ¢ U. Let x € U—[I. Because both [ and U are P-ideals we
obtain Px e U—I. From hypothesis there is a natural number k& such
that kPx € T U and because Px € U and U is an ideal we have that
kPx e U. We obtain that both an element and its negation are in U, so
we contradict the fact that U is proper.

CorROLLARY 39  Let I be a proper P-ideal of the closure MV ,-algebra
(A, P). The following assertions are equivalent:

(i) Iis a maximal P-ideal,
(i) if xC A then Pxel or (Px) C .

Proof We observe that il there is a natural number k such that
kPx e I then (Px)° € 1. For the properties of MV,-algebras imply that
kPx <(n—1)Px for every natural number k (if k>n-—1 then
kPx = (n—1)Px), so (Px)" < kPx and (Px)* € I. The rest of the prool
follows from the previous proposition.

PropoSITION 40 Let (A, P) be a closure MV-algebra. Then for every
ac A, a0 there is a P-prime P-ideal I such that a¢ I.

Proof Let [ be a P-ideal that is maximal with respect to the property
a¢ 1. We shall prove that [ is P-prime. Let x, p€4 such that
Px » Pyel. Suppose that Px¢[ and Py¢/ It follows that
a€(UIPxpN(TU{PYY]p, so there are f, gl and k, [ natural
numbers such that a<f @ kPx and a<g % [Py. Hence
a<(fokPx) n (gDIPy) and using (r2) we obtain
a<(fA g Ok(g A PXOYBIS A PYDKIPx A Py)el, so ael which
contradicts the choice of 1. It follows that Pxe7 or Py&l, so [ is
P-prime.

CoOROLLARY 41 In every closure MV-algebra (A, P) the intersection
of all P-prime P-ideals is {0}.

DerFINITION 42 A closure MV-algebra (4, P} is called semi-simple il
the intersection of all maximal P-ideals is {0}.

Lumma 43 Let (A, P) be a closure MV-algebra. If every P-prime P-
ideal is maximal then (A, P) is semi-simple.

Proof By Corollary 41.
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ProPOSITION 44  Let {A, P} be a closure MV -algebra. The following
are equivalent:

(i) every P-prime P-ideal is maximal,
(it) (A, P} is semi-simple.

Preof (i) = (ii) is the previous lemma.

(ii) = (i) Suppose that {4, P} is semi-simple and there exists a -
prime P-ideal / that is not maximal. Then there is a maximal P-ideal U
such that 7 ¢ U. Consider x€ U—1I, so Pxe U—I(1). We infer that
(Px)"¢ U (otherwise U is not proper) and that x#0. From the
hypothesis there is a maximal P-ideal M such that x¢ M and from
Corollary 39 it follows that (Px)°€ M. So (Px)* e M—=U and
P((Px)")c M—U (2). We obscrve that Px n P((Px)")#£0, otherwise
Px A P((Px)*) T and because I is P-prime Px &l or P((Px))elCU
which contradicts (1) or (2). From the hypothesis it follows that there
is a maximal P-ideal G such that Px A P((Px)")¢ G. so Px¢ G and
P((Px)")¢ G (3). But from Corollary 39 we know that if Px ¢ G then
(Px)"€G, so P((Px)")€ G (because G is a P-ideal) and we contradict
(3). Thus the proposition is proved.

4. MONADIC MV -ALGEBRAS AND MONADIC
LM, -ALGEBRAS

In this section we shall establish some algebraic connections between
the monadic MV ,-algebras and the monadic n-valued Lukasiewicz —
Moisil algebras for n = 3 and n = 4. These arc monadic versions of the
results obtained for n = 3 in [10] and for » = 4 in [8].

Let 1 be a natural number, #>2 and 7= {1,...,a—1}.

An n-valued Lukasiewicz— Moisil algebra (or an LM, -algebra) is a
structure (L, v, A, 0,1, 7,01, ., 1), where {L, v, A,0,1)isaDe
Morgan algebra and ¢y, . ... .12 L— L are bounded lattice morph-
isms such that:

1Loox Vax=1¢x Agx=0Tralickh
2. puox = ppx for all 4, j€ I

3. X = forall i, je I withi+j=n

4 px <X <o S pX
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5. The determination principle: px = p;p for all i € I implies x = y. As
consequences of the determination principle we obtain:

6. x<yiff px<ypyforall iel;

7. px <x <, X

We denote by C(L) the set of all complemented elements of L and
we call it the center of L. It is easy to see that (C(L), V, A, N, 0, 1)is a
Boolean algebra. It is also well known that C(L) = {x|¢x = x,
i=1,...,n— 1}

The following definition introduces the monadic LM,-algebras.
More informations can be founded in [9] (for the 3-valued case) and [3].

DEFINITION 45 A monadic LM ~algebra is a pair (L, 3), where L is
an LM,-algebra and 3: L— L is a mapping which satisfies the
following axioms:

LMO. 30 =0,

LMI1. x<3x,

LM2. J(xAdy) = Jx Ay,

LM3. Jpx = @ax, fori=1,...,n—-1.

Lemma 46 [3] Inevery monadic LM, ~algebra the following properties
are satisfied.

@ 3l =1,
(i) F3x = 3x,
(i) xe L) & x = 3x,
(v) x<y=3Ix< 3y,
(v) xe C(L)=3Ixe C(L),
(vi) IxVvy)=3IxVvIy,
(viiy F3x = Tx.

LEMMA 47  In every monadic LM ,-algebra
Ix Apix) = Ix Adx, for everyic L

Proof  We shall use the determination principle. If i € I we shall prove

that ¢;(3(x A px)) = @;(Jx A Jgp;x) for every j€ I by using LM3 and

the definition of LM, algebras. If j<i it follows that

@ (Ax A @ix)) I (X A @iX) 1(px A ix) = Fopx = dx A @i3x
@y (3x A pEx) = @ (Fx A Jppx).
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If j>1i then ;(3(xApx)) = gy (x A ix) = px Apx)y=dpx =
pA xApAX =g (Fx A Px) = ;(3x A Jipix) and our proof is com-
plete.

ProrvosiTioN 48 Monadic MVs-algebras are polynomially equivalent
with monadic LMs-algebras.

Proof Let A= (A,,6,7,0,1) be an MVs-algebra and (4,7} a
monadic MV;-algebra. If we define p;x = x©x and @ox = x @ x then
from [10] it follows that {4,V, ~,0,1, @1, 02} 18 an LM;-algebra.
From Definition 7 (M0, M1, M4, M35) and Lemma 8 (vi) it is quite
obvious that (4,3) is a monadic L.Ms-algebra.

For the converse affirmation let (4,V, ~,0,1, ,01,42) be an LM3-
algebra and (4, 3) a monadic LM;j-algebra. If we define

x@y = (p2xVy) A (xVipoy) = @axAy)VxVy and
1@y = (@xAR) V xrpy) = @i(xVy) A XAy

it follows that (4, ®, @, 0,1} is an MV;-algebra [10]. From
Definition 45 (LMO, LMI1, LM3) and the easy remark that
x@x =@x and x@Gx = @x, We sce that in order to prove that
{A. )y is a monadic MV;-algebra it remains to verify that M2 and M3
from Definition 7 are satisfied:

A(x @ Iy) = walx A IpvavAy) = Jga(x ATy IV Ay =

waFx ATV IxV Iy = XD Iy,

3o Iy) = prr A Vx A@iF) = I A VI A

@13 = Fex A )V (3x A JoIy) = (i 3x A )V Ex A @13y) =
Ix e dy.

ProvosiTION 49  Every monadic MVa-algebra has a structure of

monadic LM a-algebra with respect 101X = X, px = (2xy = 3x? and
p3x = 3o

Proof Let A= (4,8,0,,0,1) be an MV ,-algebra and (4,3} a
monadic MVy-algebra. From [3] it follows that (4,V, A,
0,1, 7,1, 2 g3) is an LM,-algebra. To show that (4, 3} is a monadic
LM-algebra it remains to prove LM3 from Definition 45:

odx = (3x) = @O Ex = 3% 03) = 3% = 3 = 3y,

op3x = @x@Ix) = (32x)° = G20 = 32" = 3(2x)* = Jpox,
@adx = 33x = 230x @ 23x = I2x) @ 3(2x) = Fx = 33x = Jipax.
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We have used the fact that in every MV-algebra 4x = 3x and 3=
Let (A,V, A,0,1,7, @3 be an LMy-algebra and (4,3) a
monadic LM -algebra. I we define

X@j/:(x\/ip}y)/'\(})\/993)6)/\(5\:\/)7\/(,92)(\/902}’) and
xOy=EA@N VP A@QX)V(EATA@QXA )

then it follows that {4, e, @, ,0,1) is an MVy-algebra [8].

LemMMA 50 Let (4,3 be a monadic LMy-algebra. For the above
operations & and © the following properties hold for every x,y € A:

(1) 30 =0,
(i) < 3%,
(@) I(x@Ay) = Ix o Iy,
() Ix©x) = IxeIx,
(v) Ix@x) = Ix B dx,
(vi) x®Iy)<LIxp Iy,
(vii) Ix < 3x,
(vii) Ix ® Ty < I(x @ 7),
(ix) Ax A Tx < 3(x A %).

Proof (i) and (ii) hold be definition. In order to prove (iii)—(v) we
establish some preliminary results.

(2) I(Ax @ P)=3Ix ©
I(3x © Iy) =3I@Ex A 3p1y) V 3@y A T x) V I(ExA Iy A Jpax
Apry) =@x A piTy) V By AerIx) V Gx ATy Az Ix AgaTy)
=%E Iy

(b) 3Fx @ ) =3Ix o Iy
3@x @ Fp) =A@ V w3Iy) A By V @3Tx) A (Fx v Ty
e 3x Vo)) = 3Fx v 3) A3V o3x) AFEx Vv Iy V gax
Ve ) =3(x V3y) A3V eax) V (3xV Ty V eIx V 2 3y)
=dx & Iy

(i) From x®3py<Ix®Iy it follows that Ix e I) < IHIxo )
= Jx & dy. For the converse inequality we have:
x©Iy=Fx ATy vV Gy A@dx) v (Tx A Ty A pa3x A @23y)
x AV Gy Awix) vV (FTx A Fpax A Ty A eay)
I(x A @13y) V 3Ty A grx) V (A(Tx A @2x) A Ty A )
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<3x A @) VIAGY A @ix) V (3F A 2x) A FTy A rdy)
=3(x A @Fy) VIE A pix) VX A pax A Ty A rdy)
—3[(x A @) V (@ Awix) V(XA 2x ATy A ey
=3(x @ )

(iv) From x®x<3x©3x it follows that Fxox)<IExoIx) =
Jx®3x. For the converse inequality we observe that
x @ x=@x V (%A @2x). We obtain 3x © Ix = 3x vV (3x
Apsax) = 3x VI(Ex A ppx) =3 [p1x V (Fx A wex)], so
Ix @ 3x < Jpix V (X A pax)] = 3x © x).

(v) From x®x<Ix@3x it follows that I(x @ x) <IFx @ Ix)
— 3y dx. For the converse inequality we observe that
x®x=@x ATV rx) =@ax V (XA p3x). We have Ix @
Ix = 3xV (Ax A3 Ax) =¢p3x V3 (Tx A 3x) = F[pax V (IxA
@3x)], 50 Ix @ Ix < Fpax V (X A pax)]=3(x B x).

(vi) From x@3y<3x@3Jy we obtain I(x& ) <4 3x@ Jy)
= Ix @ Iy.
(vii) From (ii) we have x <3 x, s0 Jx < . We apply (i) for ¥ and we
obtain ¥ < 3x, hence Ix < A% by transitivity.
(viii) From x © Iy <x © 7 it follows that 3x ©® Iy =3(x © Iy)
<3Ix o y).

(x) Ix A Tr=(3x @ 3x) © Ir=3(x @ x) © Ix. From (viii) it

follows that 3x A 3x < I((x & x) ® X) = I(x A X).

PrOPOSITION 51 Every monadic LM-algebra has a structure of
monadic M Va-algebra with respect to the operations & and © defined by

x@y=(xV ) APVex)AEVFVerxV ey and
x@y=(xA@y) V@A@Y (XAFAP2XAp2p)

Proof Let {4,v, ~,0,1,7 L1, o, 3) be an LM g-algebra and (A, a
monadic LM4-algebra From [8] it follows that {4,&,®,”,0,1) is an
MV -algebra. From Lemma 50(i—v) it follows that axioms M0 —-M2,
M4, M5 are satisfied. To prove that {4, 3} isa monadic MV ,-algebra we
must show that axiom M3 is also satisfied. One inequality is established
in Lemma 50(vi). It remains to prove that 3x & dy < Ax e Iy).
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Using distributivity, the Property 4 from the definition of LM,-
algebra and the consequence 7 it follows that

Tx @& I=FxVesI) ATy VeIx) A Gx v Ay Vopadx Vo dy)
=@xAPPAEY (F))VEx ATV e@E@x v )V
(Fx A Gx v Iy v (TxApa(3x v IV
(Fy A Gxv IV (EAe(@xy )V
(p3(3x A 3p) A (Fx v Ip))V
(233y A 923x) V (p33x A 2 Tp).
By absorption and again distributivity we obtain Ix@ Iy =
aVvhVevdwhere
a=(3x v Iy A Tx v Iy)
=@x ATV (Ex AT v Gy AT v Gy AT,
b= (3x v Iy) A pa(Ix v Ty),
c=p3(3x A3y) A (Fx v Ty),
= {pIx A p3Ty) V (p33x A 2 ).

In the sequel we shall decompose in the same manner the expression
I (x & y).

x@®P=xV@eI)AGrVex)AEY IV oexVedy)
=(xVIVeslx AT AEY IV El(x v I)

=((xVvI)AEVI)V(EEAAGEY )V
(

(x v Ay} A wa(x v )V (palx A Tp) A a(x V Fy)).

Il we denote
o' =3((x v ) A (1 V )]
b =3(x v I) A (x v B,
¢’ =3lpalx A Ty) A (ZV I,
d' =33 (x A Ty) A @2 (x v )],
then Lemma 46(vi) implies A(x @ Ay) = a' Vb Ve ' vd'.
Wae shall prove that a <a’, b =b', ¢<¢' and d = d'.
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Using distributivity, Lemma 46(vi), (vii) and LM2. We obtain

"=Ax AV EAD)V (x ATV 3By ATy
=3x ARV ExAT) Y EBx ATy v 3y a Ty

By Lemma 50 (ix), (vii) it follows that

Ix A Tx < J(x A R),
Iy A Jx < Ty A 3,

soa<a’.
Lemma 47 implies that

(x v Iy) A ga(x v Ty))
A(x v Iy) A Jpa(x v Iy)
3
b

I

XV 3 A ea(3x v Tp)

Using Lemma 46 (vii), (vi), LM2, LM1 and Lemma 2(i) it follows
that
e=y3(3x A Fy) A Gx A Ty)
=3ps(x A Fy) A3Ex vV Ty)
=ps(x A ) A3Gx v I)]
s (x A Ip) A (Jx v Tp)]
Fps(x A Fy) A (X V Tp)]

el

i

74N

Using distributivity, the Property 4 from the definition of LM,-
algebra, LM3 and Lemma 46 (ii), (vi) we obtain

d'=3[pa(x A ) A pa(x v )]
=3(gax A ©33¥) V (o3x A p23y)]
= [(023x A @3T) V (p3Tx A @,3p)]
=d. ‘

It follows that Ix @Iy =avbvevd<a v ve' vd = IxHIy),
so our proof is finished.
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CoroLLARY 52 Monadic MVa-algebras are polynomially equivalent
with monadic LM -algebras.

Proof From Propositions 49 and 51.
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