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(S3.1) Let x ∈ X and x = (x, . . . , x) ∈ X l
∆

(see the notations from Section 1.7). The
following are equivalent:

(i) x is multiply recurrent for T1, . . . , Tl.

(ii) x is a recurrent point in (X l, T̃ ).

(iii) For all ε > 0 there exists N ≥ 1 such that dl(x, T̃Nx) < ε.

(iv) For all ε > 0 there exists N ≥ 1 such that d(x,TN
i x) < ε for all i = 1, . . . , l.

Proof. (i) ⇔ (ii) Apply Lemma 1.6.0.17 and the fact that, by the definition of the metric
dl, we have that lim

k→∞
T̃ nkx = x if and only if for all i = 1, . . . , k, lim

k→∞
T

nk

i x = x.

(ii) ⇔ (iii) By definition, x is recurrent if and only for every open neighborhood U of x
there exists N ≥ 1 such that T̃Nx ∈ U if and only for every ε > 0 there exists N ≥ 1 such
that T̃Nx ∈ B(x, ε).
(iii) ⇔ (iv) Obviously.

(S3.2) Let X be a compact Hausdorff topological space, l ≥ 1, and T1, . . . , Tl ∶ X → X be
commuting homeomorphisms. Then

(i) X contains a subset X0 which is minimal with the property that it is nonempty closed
and strongly Ti-invariant for all i = 1, . . . , l.

(ii) For every nonempty open subset U of X0, there are M ≥ 1 and nij ∈ Z, i = 1, . . . , l, j =

1, . . . ,M such that X0 =
M

⋃
j=1

(T n1j

1
○ . . . ○ T nlj

l
)(U).

(iii) (X0)
l

∆
is strongly T̃i-invariant for all i = 1, . . . , l.



Proof. (i) Let M be the family of all nonempty closed subsets of X that are strongly
Ti-invariant for all i = 1, . . . , l, with the partial ordering by inclusion. Then, of course,
X ∈M, so M is nonempty. Let (Ai)i∈I be a chain in M and take A ∶=⋂

i∈I

Ai. Then

A ∈M, since A is nonempty (by B.9.0.27), A is closed, and A is strongly Ti-invariant
for all i = 1, . . . , l (by Proposition 1.3.2.2.(v)). Thus, by Zorn’s Lemma A.0.1.4 there
exists a minimal element X0 ∈M.

(ii) Let A ∶= ⋃
n1∈Z

. . . ⋃
nl∈Z

(T n1

1
○ . . . ○ T

nl

l
)(U). Then A is nonempty, open and strongly

Ti-invariant for all i = 1, . . . , l. Thus, X0 ∖A is a proper subset of X0 which is closed
and strongly Ti-invariant for all i = 1, . . . , l. From the minimality of X0, we must
have X0 = A. Since X0 is compact, as a closed subset of the compact space X, we
can choose a finite subcover.

(iii) We have that T̃i((X0)
l

∆
) = (Ti(X0))l∆ = (X0)

l

∆
.


	I Topological Dynamics and Partition Ramsey Theory
	Topological Dynamical Systems
	Examples
	Finite state spaces
	Finite-dimensional linear nonexpansive mappings
	Translations on compact groups
	Rotations on the circle group
	Rotations on the n-torus Tn
	The tent map

	The shift
	Cylinder sets and product topology

	Basic constructions
	Homomorphisms, factors, extensions
	Invariant and strongly invariant sets
	Subsystems
	Products
	Disjoint unions

	Transitivity
	Minimality
	Topological recurrence
	An application to a result of Hilbert

	Multiple recurrence
	Some useful lemmas
	Proof of the Multiple Recurrence Theorem


	Ramsey Theory
	van der Waerden's theorem
	Topological dynamics proof of van der Waerden Theorem



	II Appendices
	Set theory
	Collections of sets

	Topology
	Closure, interior and related
	Hausdorff spaces
	Bases and subbases
	Continuous functions
	Homeomorphisms

	Metric topology and metrizable spaces
	Disjoint unions
	Product topology
	Quotient topology
	Compactness
	Sequential compactness
	Total boundedness

	Baire category
	Covering maps

	Topological groups
	Bibliography


