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(S9.1) Prove that the Bernoulli shift is strong mixing.

(S9.2) Any syndetic set A ⊆ Z+ has positive lower density.

Definition . Let (X, d) be a metric space, A ⊆ X and ε > 0. We say that x, y ∈ A

are ε-separated if d(x, y) ≥ ε. A is said to be ε-separated if every two points of A are

ε-separated.

(S9.3) Let (X, d) be a metric space and A ⊆ X be totally bounded with |A| ≥ 2. Define
for all ε > 0, the set

Sε = {m ≥ 2 | there exist m ε − separated points in A} (E.3)

Prove that if Sε is nonempty, then it is bounded from above.

(S9.4) Let f ∈ AP (X). Prove that for any ε > 0 the set

Aε := {n ≥ 1 | ‖Un

T
f − f‖2 < ε} (E.4)

is syndetic.


	I Topological Dynamics and Partition Ramsey Theory
	Topological Dynamical Systems
	Examples
	Finite state spaces
	Finite-dimensional linear nonexpansive mappings
	Translations on compact groups
	Rotations on the circle group
	Rotations on the n-torus Tn
	The tent map

	The shift
	Cylinder sets and product topology

	Basic constructions
	Homomorphisms, factors, extensions
	Invariant and strongly invariant sets
	Subsystems
	Products
	Disjoint unions

	Transitivity
	Minimality
	Topological recurrence
	An application to a result of Hilbert

	Multiple recurrence
	Some useful lemmas
	Proof of the Multiple Recurrence Theorem


	Ramsey Theory
	van der Waerden theorem
	Topological dynamics proof of van der Waerden Theorem
	The compactness principle
	Finitary version of van der Waerden theorem
	Multidimensional van der Waerden Theorem
	Polynomial van der Waerden's theorem

	The ultrafilter approach to Ramsey theory
	The Stone-Cech compactification
	Topological semigroups
	The Stone-Cech compactification of Z+
	Finite Sums Theorem
	Ultrafilter proof of van der Waerden
	Ultralimits

	Hales-Jewett Theorem


	II Ergodic Theory and Density Ramsey Theory
	Measure-preserving systems
	The induced operator
	Bernoulli shift
	Recurrence
	Poincaré Recurrence Theorem

	Ergodicity

	Ergodic theorems
	Maximal Ergodic Theorems
	Birkhoff Ergodic Theorem
	Mean ergodic theorem
	Uniformly convex Banach spaces
	Mean ergodic theorem in uniformly convex Banach spaces
	A finitary version of the mean ergodic theorem

	Directions of research
	More general averages
	Multiple commuting transformations

	Ergodicity again

	Density Ramsey Theory
	Different notions of density
	Shnirel'man density
	Asymptotic density
	Banach density

	Furstenberg Correspondence Principle

	Mixing
	Density characterizations of weak mixing
	A generalization of the von Neumann mean ergodic theorem 

	Szemeredi Theorem
	Finitary versions
	Szemeredy property for compact systems
	Szemeredy property for weak-mixing systems


	III Appendices
	Set theory
	Collections of sets
	Sequences of sets
	Monotone classes


	Topology
	Closure, interior and related
	Hausdorff spaces
	Bases and subbases
	Continuous functions
	Homeomorphisms

	Metric topology and metrizable spaces
	Disjoint unions
	Product topology
	Metric spaces

	Quotient topology
	Complete regularity
	Compactness
	Sequential compactness
	Total boundedness
	Stone-Cech compactification

	Baire category
	Covering maps

	Measure Theory
	Set systems
	Semirings
	Algebras and semialgebras

	-algebras
	Generated -algebras
	Borel -algebra

	Countable products of probability spaces
	Set functions
	Measure spaces
	Measures in topological spaces

	Extensions of measures
	Measurable mappings
	Almost everywhere
	Simple functions

	Integration
	Simple functions
	Nonnegative functions
	Complex-valued functions
	Real-valued functions

	Lp-spaces
	L
	Containment relations

	Modes of convergence

	Topological groups
	Miscellaneous
	The limit superior and inferior

	Bibliography


