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(S1.1) Consider the first-order language Lar = (<̇; +̇, ×̇, Ṡ; 0̇) (the language of arithmetics)
and the Lar-structure N = (N, <,+, ·, S, 0).

(i) Let x, y ∈ V with x 6= y and t = Ṡx×̇ṠṠy = ×̇(Ṡx, ṠṠy). Evaluate tN (e), where
e : V → N is an assignment verifying e(x) = 3 and e(y) = 7.

(ii) Let ϕ = x<̇Ṡy → (x<̇y ∨ x = y) = <̇(x, Ṡy) → (<̇(x, y) ∨ x = y). Prove that
N � ϕ[e] for all e : V → N.

Notation. Let L be a first-order language. For any variables x, y with x 6= y, L-structure
A, e : V → A and a, b ∈ A, we have that:

(ey←b)x←a = (ex←a)y←b.

In this case, we denote their common value withex←a,y←b. Thus,

ex←a,y←b : V → A, ex←a,y←b(v) =


e(v) dacă v 6= xand v 6= y

a dacă v = x

b dacă v = y.

(S1.2) Let L be a first-order language. Prove that for any formulas ϕ, ψ and any distinct
variables x, y,

(i) ¬∃xϕ ��∀x¬ϕ;

(ii) ∀x(ϕ ∧ ψ) ��∀xϕ ∧ ∀xψ;

(iii) ∃y∀xϕ � ∀x∃yϕ;

(iv) ∀x(ϕ→ ψ) � ∀xϕ→ ∀xψ.

(S1.3) Let x, y be distinct variables. Give examples of first-order languages L and formulas
ϕ, ψ of L such that:

(i) ∀x(ϕ ∨ ψ) 6� ∀xϕ ∨ ∀xψ;

(ii) ∃xϕ ∧ ∃xψ 6� ∃x(ϕ ∧ ψ);

(iii) ∀x∃yϕ 6� ∃y∀xϕ.
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