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Abstract

In this paper we study the pseudo-hoops, structures introduced by B.
Bosbach in [6, 7] under the name of complementary semigroups. We
prove some of their properties and we define the basic concepts of filter
and normal filter. The lattice of normal filters is isomorphic with the
lattice of congruences of a pseudo-hoop. We also study some important
classes of pseudo-hoops. Bounded Wajsberg pseudo-hoops are equivalent
to pseudo-Wajsberg algebras and bounded basic pseudo-hoops are equiv-
alent to pseudo-BL algebras. Some examples of pseudo-hoops are given
in the last section of the paper.
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Introduction

Hoops are naturally ordered commutative residuated integral monoids, intro-
duced by B. Bosbach in [6, 7], then studied by J.R. Biichi and T.M. Owens in
[8], a paper never published. All information about this paper is taken from
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[1, 3, 4]. In the last years, hoops theory was enriched with deep structure the-
orems (see [4, 15, 2, 3, 5, 1]). Many of these results have a strong impact with
fuzzy logic. Particularly, from the structure theorem of finite basic hoops ([1],
Corollary 2.10) one obtains an elegant short proof of the completeness theorem
for propositional basic logic (see [1], Theorem 3.8), introduced by Hajek in [21].
The algebraic structures corresponding to Hajek’s propositional (fuzzy) basic
logic, BL-algebras, are particular cases of hoops. The main example of BL-
algebra is the interval [0, 1] endowed with the structure induced by a t-norm.
MV-algebras, product algebras and Godel algebras are the most known classes
of BL-algebras. Recent investigations are concerned with non-commutative gen-
eralizations for these structures. Pseudo-MV algebras were introduced as a non-
commutative generalization of MV-algebras (see [18, 19]). Equivalent structures
were defined and studied in [9, 10], under the name of pseudo-Wajsberg alge-
bras. Pseudo-Wajsberg algebras are a non-commutative version of Wajsberg
algebras. A. Dvurecenskij proved in [14] that the category of pseudo-MV alge-
bras is equivalent to the category of I-groups with strong unit. This theorem
extends the fundamental result established by D. Mundici for the commutative
case [22].

In [12, 20], pseudo-BL algebras were defined as a common extension of BL-
algebras and pseudo-MV algebras. The main source of examples of pseudo-BL
algebras is [-group theory. In [16], there was introduced a notion of pseudo-t-
norm in order to recapture some of the properties of pseudo-BL algebras. For
the interval [0, 1], this notion induces some more general algebras named weak
pseudo-BL algebras.

The aim of this paper is to study the pseudo-hoops, structures introduced by
B. Bosbach in [6, 7] under the name of complementary semigroups. Pseudo
BL-algebras will appear as particular cases of pseudo-hoops.

The paper is divided into four sections. In the first section we recall some facts
concerning residuated structures. In Section 2 we study the pseudo-hoops and
we prove their basic properties. Following ideas from [18, 19, 12, 13], in Section
3 we define filters and normal filters, and we prove that the lattice of normal
filters and the lattice of congruences of a pseudo-hoop are isomorphic. In Sec-
tion 4 we investigate some classes of pseudo-hoops, namely, cancellative pseudo-
hoops, Wajsberg pseudo-hoops, basic pseudo-hoops, product pseudo-hoops, and
(strongly) simple pseudo-hoops. The most important of these classes are Wajs-
berg pseudo-hoops and basic pseudo-hoops. We show that bounded Wajsberg
pseudo-hoops are equivalent to pseudo-Wajsberg algebras and that bounded ba-
sic pseudo-hoops are equivalent to pseudo-BL algebras. These facts generalize
results from [4] and [1]. In the last section of the paper we give some examples
of pseudo-hoops and normal filters.



1 Preliminaries

Firstly, we shall recall some facts about residuated and complemented monoids.
For details see [6, 7, 4, 23]. A structure (4, ®, 1, <) is a partially ordered monoid
(po-monoid) if
(i) (A,®,1) is a monoid,;
(ii) < is a partial order on A;
(iii) for all a,b,c € A,
a<bimpliesa®c<bOcandc®a<cO®b.
Assume (4,0, 1, <) is a po-monoid. Then (4, ®,1, <) is integral if a < 1 for all
a € A.
The largest element (under <) of the set {c € A | c®a < b}, if it exists, is called
the left-residual of a relative to b, and is denoted by a — b. Thus a — b can be
defined by the condition
Ve(zr@a<bsax<a—b).
(A,0,1,<) is left-residuated if a — b exists for all a,b € A. In this event the
enriched structure (4, ®, —, 1, <) is called a left-residuated po-monoid. A left-
residuated po-monoid can be thought of as an algebra (A4,®, —, 1), since the
partial order can be retrieved via a < b iff a —» b= 1.
The inverse right divisibility relation <, on a monoid (A4, ®,1) is defined by
a<,bs de(a=cOb).
An algebra (A,®,—,1) is a left-complemented monoid if (A,®,—,1,<,) is a
po-monoid with left-residuation —.
The notions of right-residual, right-residuated po-monoid, inverse left divisibility
relation <;, and right-complemented monoid are defined similarly.

Lemma 1.1 ([4], Lemma 1.3)

(i) If (A, ®,—, 1) is a left-complemented monoid, then <, is a meet-semilattice
order, where a Ab = (a — b) ®a for all a,b € A.

(i') If (4, ®, —, 1) is a right-complemented monoid, then <; is a meet-semilattice
order, where a Ab=a ® (a — b) for all a,b € A.

Left- (and right-) complemented monoids form a variety and have a simple
equational characterization.

Proposition 1.2 ([7]; [4], Theorem 1.4)

An algebra A = (A4,©,—,1,) is a left-complemented monoid iff the following
identities hold:

Hadl=10a=gq;

(i) a —a=1;

(iii) (a—>b)®a—(b—>a)®b

(iv) (a®b) »c=a— (b—c).

Dually, we get



Proposition 1.3 An algebra A = (4, ®, —, 1,) is a right-complemented monoid
iff the following identities hold:

adl=10a=gq;

(ii)a = a=1;

(iii) a ® (a = b) =bO (b — a);

(iv) (a®b) 5 c=b— (a — c).

If the underlying monoid is commutative, the notions of left- and right- comple-
mented monoid coincide. Commutative (left-)complemented monoids are called
hoops by Biichi and Owens in [8].

2 Basic definitions and properties

A pseudo-hoop is an algebra A = (A, ®, —,~», 1) with three binary operations
®, —,~ and one constant 1 such that:

(i) (A,®,—,1) is a left-complemented monoid;

(i) (A, ®,~,1) is a right-complemented monoid,;

(111) <=<i

In the sequel, we shall agree that ® has priority towards the operations —,~».
Sometimes, for the sake of clarity, we shall put parenthses even if this is not
necessary.
By (iii), the inverse left and right divisibility relations coincide in a pseudo-hoop
and will be denoted simply by <. It follows that for any a,b € A,

a<biff Ic(a=>boc) iff Ic(a =cO D).
A linear (or totally ordered) pseudo-hoop is a pseudo-hoop with the property
that < is a total order.
A bounded pseudo-hoop is an algebra A = (4, ®, —,~»,0,1) such that (4,®, —
,~, 1) is a pseudo-hoop and 0 < « for all a € A.
We shall denote the set of natural numbers by w. We define a” = 1, a S =
a3 b=>band

a"=a""toa, aibza—%an;lb), af»bzav(a@\jb)
for n € w — {0}.
In the following propositions, we collect and reformulate some results proved by
B. Bosbach in [6, 7]. For the sake of completeness, we shall include proofs of
these results.

Proposition 2.1 [6, 7] Let A = (A, ®, —,~»,1) be a pseudo-hoop.
(a<bifa—b=1lifa~b=1

(ii) (A4, <) is a meet-semilattice, with a Ab=(a = b) ©a=a® (a~ b).
(iii)a ma=a~a=1;

(iv) (a—b)0a=(b—a)0b=a®(a~b) =bO (b~ a);
V)aob—c=a—(b—c)anda®b~c=b~ (a~ c).



Proof: (i) Since <=<,=<;, we have that (4,®,—,1,<) is a left-residuated
monoid, hence a < b iff a — b = 1, and (4,®,~,1,<) is a right-residuated
monoid, so a < biff a~ b= 1.

(ii) By Lemma 1.1.

(iii) By Propositions 1.2(ii) and 1.3(ii).

(iv) By (ii) and the fact that a Ab=0bAa.

(iv) By Propositions 1.2(iv) and 1.3(iv). O

Theorem 2.2 [6, 7] An algebra A = (A,®,—,~,1) of type (2,2,2,0) is a
pseudo-hoop iff the following identities hold:

(AD)ael=10a=gq;

a—a=a~a=1;

a®b—c=a— (b—c);

a®b~c=b~s (a~ ¢) and ;
(a—b)oa=b—a)0b=a0(a~b)=b0o (b~ a).

~— — — —

(Al
(A2
(A3
(Ad

Proof: By the above proposition, the identities (A0)-(A4) hold in any pseudo-
hoop. Conversely, suppose that A = (A, ®, —,~,1) satisfies (A0)-(A4). By
Propositions 1.2 and 1.3, we get that (A, ®, —, 1) is a left-complemented monoid
and (A4, ®,~, 1) is a right-complemented monoid. Use Lemma 1.1 and (A4) to
get that <3=<;. Hence, A is a pseudo-hoop. O

From the above theorem it follows that pseudo-hoops form a variety. We shall
denote by PH this variety.

Remark 2.3 [6, 7] Let A = (A,®,—,~,1) be a pseudo-hoop. Then © is
commutative iff —=~-». In this case, A is a hoop.

Proof: If ® is commutative, then for any a, b, c € A we have that ¢ < a — b iff
cOa<bifa®c<biff c <a~»b. Hence, a — b = a~> b. Conversely, suppose
that —=~» and let a,b € A. Then for any c € A, a ®b < ciff a < b — ciff
a<b~ciff b@a<c Thatis,a®b=b0a.

We get that (A, ®, —, 1) is a commutative left-complemented monoid, that is a
hoop. O

In the sequel we shall prove some properties of pseudo-hoops.

Lemma 2.4 [6, 7] Let A = (A, ®, —,~, 1) be a pseudo-hoop. For any a,b,c €
A, the following hold:

l—-a=1~a=uaq;



Proof: (1)-(2) By the fact that — is left-residuation and ~» is right-residuation.
(3)-(6) See [4], Lemma 1.5 and its dual.
(7) see [4], pag. 554. O

Lemma 2.5 [6, 7] Let A = (A, ®, —,~», 1) be a pseudo-hoop. For any a,b,c €
A,

(8) a®b<a,b;
a<b—aanda<b~ a;
)a<b1mphesa®c<b®candc®a<c®b
Ja®b<aAb;

)a <bimpliesc—a<c—band c~a<c~ b
)a <bimpliesb—c<a—candb~c<a~ ¢
)(b—c)o(a—b)<a—g

) (@~ )@ (b~ ) S ansc
Ja—b<(b—c)~ (a— c)
Ya~b< (b~ c)— (a~ c);

) (@©c) = (boo);
(19) (c®b).

Proof: (8) By (A3), (Al) and (4),a@b~a=b~ (a~a)=b~1=1.

Similarly, applying (A2), (Al) and (4),a©@b—b=a— (b—b)=a—1=1.

Apply now Proposition 2.1(i) to get that a ®b < a and a ©® b < b.

(9) Apply (8) and (1), respectively (2).

(10) Since a < b, there are z,y € A such that a = 2 ©@band a = bOy. It

follows that c ®c=2® (bOc¢) and c®a = (¢c®b) ®y, hence a ® ¢ < b® ¢ and

cOa<cOdb

( 1) We have that a Ab = (a — b) ® a, by Proposition 2.1(ii), and b < a — b,
by (9). Applying (10), we get that a @b < a ® (a — b) =a A b.

(12) Apply (5), (6), and the fact that a <biff a = b=a~b=1.

(13) Suppose that a < b. By (10), it follows that (b - ¢)®a < (b —¢c)®b=

bAc<ec Apply now (1) to get that b — ¢ < a — ¢. Similarly, a ® (b~ ¢) <

bO(b~c)=bAc<c¢ s0b~c<a~c by (2).

(14) Apply (5) to get that b — ¢ < (a — b) — (a — ¢), and (1) to obtain

b—c)®(a—b)<a—c

15) Similarly, applying (6) and (2).

16) By (14) and (2).

17) By (15) and (1).

18) Applying (1) and the fact that a Ab = (a — b) ® a, we get that a — b <

(a®c)—= (boc)iff (a—b)0a®c<beciff (aAb)®c<bO ¢, which is true

by (10).

(19) Applying (2) and the fact that a Ab=a ® (a ~ b), we have that a ~ b <

(c@a)~ (cob)iff cOa® (a~b) <cObiff ¢c® (aAb) <c¢®b, which is true

by (10). O

8)
(9)
(10
(11
(12
(13
(14
(15
(16
(17
(18
19

a«»b<(c®a)

(
(
(
(
(

Lemma 2.6 Let A be a pseudo-hoop and I an arbitrary set. Then



(20) b = Ajerai = Nigs (b — as);
(21) b~ /\iel a; = /\iEI(y — a;),
whenever the arbitrary meets exist.

Proof: (20) For any z € A we have the following equivalences:

r<b— NcaiiffxOb< \cya;iff x©Ob<a;, foranyic liffx <b— ay,
for any i € I'iff 2 < A\, (b — a;).

(21) Similarly. O

Lemma 2.7 Let A be a pseudo-hoop. For any a,b,c,d € A,
(22) (a—=b) O (c—d) < (aAc)— (bAd);
(23) (a~b) O (c~d) < (aAc)~ (bAd);

Proof: (22) By (13), we have that a — b < (aAc¢) — band ¢ — d < (aAc) — d.
Hence, by (10) and (11), (a = b) © (c = d) < ((ahc) = b) O ((aAc) — d) <
((anc) = b)A((aNc) — d). Applying (20), we get that ((aAc) — b)A((aAc) —
d)=(anc)— (bAd).

(23) Similarly. O

The following result extends Lemma 2.1 from [1].

Proposition 2.8 Let A be a pseudo-hoop and a,b,c € A. Suppose that a Vb
exists. Then
(i) (avd) mc=(a—=c)A(b—c);
(i) (@aVb)~c=(a~c)A (b~ c);
(ii) for any n € w — {0},

(avh)r == N2, ©...021) = c|z; € {a,b}};
(il ) for any n € w — {0},

(aVvd)*"~c=AN{(z10...0z,) ~ c|x; € {a,b}}.

Proof: (i) Since a,b < a V b, by (13) we get that (a Vb) — ¢ < a — ¢ and
(aVb) = c<b—c¢s0(aVd) = c<(a—c)Ab—c). fx < (a— c)A(b— ¢),
thenz <a—candx<b—c,sor®a<cand x®b<c hence a,b < x~ c.
But this implies a Vb <z~ ¢, that is 2 ® (aVb) <¢, 50z < (aVb) — c. We
have got that < (a — ¢) A (b — ¢) implies < (a V b) — ¢. It follows that
(a—c)AN(b—c)<(aVd)—c.

i') Similarly.

ii) For n = 1, we get (i). Assume that the equality holds for n. Then

a\/b)n+1_>c=(a\/b)@(a\/b)”—>c(‘4:2) (avb)ﬁ((avb)n_)c):
aVb)_’/\{(xn,Q-.-®$1)—>C|xiE{a,b}}(:l)(a—>/\{(a:n®.2.(;®x1)—>
c|xz € {a,b}})/\(b—> /\{(an'u@xﬂ —clae {a,b}}) (:) /\{a—>
(#n®...0z1) = ¢) | 2 € {a,b}} AND = (20 ©...0x1) — ¢) | 2 €

{a,b}} (22 Moz, o...0x) —c|z, € {a,b}}AN{(0Oz,0...021) —
c |/xi €{a,b}}=N(@n41 02, ©...021) = c|x; € {a,b}}.
(ii ) Similarly. O

(
(
(
(



Lemma 2.9 Let A be a pseudo-hoop and I an arbitrary set. Then
(i,) a® (Vierbi) = Vierla ©by);
(i) (Vierbi) ©a = V(b © a);
(i) a A (Ve bi) = Vier(a A by),

whenever the arbitrary unions exist.

Proof: (i) We have that b; < \/,.;b; forany i € I, s0 a ©b; < a® (\;¢; bi)
for any i € I, hence \/,c;(a ® b;)) < a ® (V,;c;b;). For any x € A, we get
that \/,.;(a ©® b;) < x implies a ©® b; < = for any i € I, so b; < a ~ x for
any i € I. Thus, we obtain that \/,.;b; < a ~ =, hence a © (\,c;b;) < 2.
We have got that \/,.;(a ® b;) < 2 implies a ® (\/,c;b;) < z. It follows that
a® (Vierbi) < Vier(a®bi).
(i') Similarly.
(ii) The inequality \/;c;(a Ab;) < aA(\,c;b;) is obvious. Let us now prove the
converse inequality. We have that a A (\/,c;0i) = (Ve 0:) Aa = (Ve i) ©
(Vierbi ~a) = Ve (bi © (V;ep bi ~ a)), by (i'). Applying (13), we get that
serbi~ a < b~ aforany i€, s0b O (Ve bi~a) <b o (b~ a)=
biAa = aNb; for any i € I. It follows that \/, . ; (0:O(V,;c; bi ~ a)) < Vo (anb;).
O

Lemma 2.10 Let A be a pseudo-hoop. For any a,b € A,
(24) a < (a — b) ~ b;

(25) a < (a —b) ~ a;

(26) a < (a~ b) — b;

(27) a < (a~ b) — a;

(28) b— ((a—=b)~a)=b—q

(29) b~ ((a~b) = a)=b~ q;

(30) (b —a)~a) —a=b—q

(31) (b~a) —a)~a=b~ g

(32) [(b — a) > @) = b] — (b — @) = b — a;
(33) [((b~a) — a)~ b~ (b~ a) =b~ a.

Proof: (24)-(25) From (¢ — b) ®a = a Ab < a,b and (2) we obtain that
a<(a—b)~band a<(a—b)~ a.

(26)-(27) Similarly, a ® (@ ~ b) = a Ab < a,b, so a < (a ~ b) — b and
a < (a~b)— a, by (1).

(28) Let us denote (@ — b) ~ a by . We have to prove that b — = = b — a.
By (25), we have that a < z. Hence, applying (12) we get that b — a < b — x.
From a < z and (13) we obtain that x — b < a — b and, by (24), a — b <
((a — b) ~ a) = a = ¢ — a. Thus, we have got that z — b < z — a. It follows
that (b - z) Ob=bAz=2Ab=(z—=bOr<(r—a)Ox=zANa<a,
hence b — z < b — a, by (1).

(29) Similarly.

(30) By (26), b — a < ((b — a) ~ a) — a. From (24) we get that b < (b —



a) ~ a, and applying (13), it follows that ((b — a) ~a) = a <b— a.

(31) Similarly.

(32) Let + = (b — a) ~ a. By (24) and (30), we have that b < z and
x — a=>b— a It follows that (xt - b) — (b —a)=(x > b) — (x — a) =
(x—=b)ozr—a=(xAb) »a=b—a.

(33) Similarly. O

Remember that on any hoop A one can define a pseudo-join operation V (see
[1]) by
aVb=((a—=b) —=bA(b—a)—a),forall abe A
Following this idea, we define on a pseudo-hoop A two binary operations that
are almost a join operation. If a,b € A, then the pseudo-joins of a and b are
aVib=((a—b)~bA(b—a)~ a),
aVab=((a~b) = b)A((b~a) — a).

Proposition 2.11 Let A be a pseudo-hoop. For any a,b € A,
(i)avib=bViaand aVa b=0Vsa;

(ii) a,b < aViband a,b < aVab;

(iii) a < b iff a V1 b=b;

(iii ) a < biff a Vo b=b.

Proof: (i) is obvious.

(ii) By (24), we have that a < (a — b) ~ b and by (9), a < (b — a) ~ a.
Hence, a < a V1 b. Similarly, applying (26) and (9), we get that a < a Vg b.
(iii) If @ < b, then (a — b) ~b=1~b=10, by (3). Hence, aV1 b=>bA[(b —
a) ~ a] = b, since b < (b — a) ~ a, by (24). Conversely, suppose that aVyb = b.
It follows that a Ab=a A (a V1 b) = a, by (ii). That is, a <b.

(iii') Similarly. O

Proposition 2.12 Let A be a pseudo-hoop. The following are equivalent:
(i) V; is associative;

(ii) for all a,b,c € A, a < b implies a V1 ¢ < bVj ¢

(iii) for all a,b,c € A, a V1 (bAc) < (aVib) A (aVic);

(iv) V1 is the join operation on A.

Proof: Similar to the proof of Proposition 2.4 from [1]. O
Dually, we get

Proposition 2.13 Let A be a pseudo-hoop. The following are equivalent:
(i) Va is associative;

(ii) for all a,b,c € A, a < b implies a Vo ¢ < bV ¢

(iii) for all a,b,c € A, aVa (bAc) < (aVab) A (aVac);

(iv) Vg is the join operation on A.

Remark 2.14 Suppose that V; (respectively Vs) is associative. By Proposition
2.12, we get that Vi(respectively Vi) is the join operation on A. Applying
Lemma 2.9(iii), it follows that (A4, A, V) is a distributive lattice.



Proposition 2.15 Let A be a pseudo-hoop and a,b,c € A. Then
)ifavb=1,thena®b=aAb;

(ii)ifavb=1and a <¢,b<d, thencVd=1;

(iii) if a Vb =1, then o™ Vb" =1 for all n € w — {0}.

Proof: (i) By (9), a ®©b < a Ab. Since, by Lemma 2.11(ii) we have that
a,b < aVib, it follows that aV1b = 1, that is ((a — b) ~ D)A((b — a) ~ a) = 1,
hence (¢ — b) ~ b = (b — a) ~ a = 1. It follows that b — a < a, so
aNb=(b—a)Ob<a®b.

(ii) Of course, ¢,d < 1. Let x € A such that ¢,d < z. It follows that a,b < z,
sol=aVb<zx Thatis, x =1.

(iii) We follow the proof of Lemma 2.16 from [12]. Suppose that a Vb = 1.
By Lemma 2.9(i), it follows that a = a® 1 =a® (a Vb) = a® V (a ® b), so
l=aVb=a’>V(@a®b Vb= a?Vb Similarly, we get that b = b® 1 =
b® (a®>Vvb) = (b®a?) V% Hence, a> Vb?> =a?V (boa®) Vb2 =a?Vb=1.
We prove in the same manner that a®” Vv b*" = 1 for all n € w — {0}. Since
a?" < a™, p2" < b™, it follows that a™ vV b"™ = 1. O

3 Filters and congruences

In this section we study the filters and the congruences of a pseudo-hoop. Fol-
lowing some ideas from [18, 19, 12, 13], we shall define the notion of normal filter
and we shall establish an isomorphism between the lattice of normal filters and
the lattice of congruences of a pseudo-hoop. The results obtained in this section
generalize the similar results for pseudo-MV algebras [18, 19] and pseudo-BL
algebras [12, 13].

Let A = (A, ®,—,~,1) a pseudo-hoop. A non-empty subset F of A is a filter
of A if for all a,b € A,

(i) a,b € F implies a ©® b € F;

(ii) a € F and a < b imply b € F.

By (11), it is obvious that any filter of A is also a filter of the meet-semilattice
(A, N).

A filter F of A is proper iff F # A. A maximal filter (or ultrafilter) is a proper
filter U of A that is not included in any other proper filter.

Proposition 3.1 For a subset F' of A the following are equivalent:
(i) F is a filter;

(ii) 1 € Fand if a,a — b€ F, then b € F;

(iii) le Fand ifa,a~be F, then be F.

Proof: See [4], Theorem 1.6 and its dual. O

It follows that any filter of A is a also a subuniverse of A.
If X C A, we denote by < X > the filter generated by X in A. A description
of < X > is easily obtained:
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Proposition 3.2 Let A be a pseudo-hoop and X C A. Then
<X>={a€A|110220...0x, <bfor somen € w— {0} and z1,...,z, €
X}

={a€eA|xy = (xz2 — (.. = (&, > a)...)) =1 forsomen € w—
{0} and z1,...,2, € X}

={acA|zy~ (z2~ (..~ (xp ~ a)...)) =1 forsomen € w—
{0} and z1,...,2, € X}
In particular the principal filter generated by an element x € A is

<z>={acA|az" <aforsomen € w—-{0}} ={acA|z>a=
1for somen € w—{0}} ={ac A|z~a=1for somen cw—{0}}

Remark 3.3 Let A be a pseudo-hoop and F be a proper filter of A. The
following conditions are equivalent:

(i) F is a maximal filter;

(ii) for all x € A, if z ¢F then < FU {z} >= A.

Proof: (i)=(ii) We have that F C< FU {z} > and F #< F U {z} >, since
x ¢F. From the fact that F' is maximal it follows that < F U {z} >= A.
(ii)=-(i) Suppose that there exists a proper filter G of A such that F' C G and
F # G. Then there is x € G\ F. By (ii), we have that < FU {2z} >= A. Since
< U{z} >C G, it follows that G = A, hence G is not proper. O

Proposition 3.4 Let A be a pseudo-hoop and a,b € A. If a V b exists, then
<aVb>=<a>N<b>.

Proof: It is obvious that ¢ €< a > and b €< b >. Since a,b < a V b, it
follows that a Vb €< a>andaVbe<b>,s0oaVbe<a>N<b>. Hence,
<aVb>C<a>nN<b>. Conversely, let ce<a >N <b>. Then a” < ¢ and
b™ < ¢ for some n,m € w— {0}. By Proposition 2.8(ii/), we get that
(aVvbh)" ™™~ c= N{(r1 O ...O Tpim) ~ c| x; € {a,b}}.

Consider x1,...,Zn+m € {a,b}. Denote by r the number of occurences of
a in the sequence z1,...,Zp+m and by s the number of occurences of b in
the sequence z1,...,Tp1m. Of course, 7 + s = n + m. We have that x; ©
e O Tprm < a” and 1 © ... O Tpem < 0. Applying (13), it follows that
a"~ < (110...OTprm) ~cand b~ c < (21O ... O Xpam) ~ ¢ Ifr <mn,
then s > m, so b* < b™. Applying again (13), we get that b* ~» ¢ > 0™ ~» ¢ =1,
since b™ < ¢. Hence, b° ~ ¢ =1,80 21®...0Zptm ~ ¢ = 1. Similarly, if r > n,
then a” < a™, soa” ~ ¢ > a™ ~ ¢ =1, since a” < c¢. It follows that " ~ ¢ =1,
hence (z1 ® ... ® Tptm) ~ ¢ = 1. Therefore, (1 ® ... ® Tptm) ~ ¢ = 1 for
any xi,...,Tn+m € {a,b}, hence (a VvV b)"*™ ~s ¢ = 1. Thus (a V b)"™™ < ¢, so
ce<aVb>. 0O

In a pseudo-BL algebra, one can introduce two distance functions in order to
study the filters (see [12]). If A is a pseudo-hoop, then we define four distance
functions:
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d(ab)=(a—b)o(b—a), dafa,b)=(a~ b (b~ a),
ds(a,b) = (b — a) ® (a — b), dy(a,b) = (b~ a) ® (a~Db).

Lemma 3.5 For any a,b € A and any i € {1,2,3,4},
(i) di(a,b) = 1 iff a = b;

(i) di(a,a) = 1

(i) d;(a, 1) = a;

(1v)1fz€{13} then d;(b,¢) ® d;(a,b) ® d;(b, c) < d;(a,c);
(v) if ¢ € {2,4}, then d;(a,b) ® d;(b,c) ® d;(a,b) < di(a,c).

Proof: We shall prove the properties for i = 1, the other cases following
similarly.

(i) We have that di(a,b) =1iffa v b=b—a=1ifa<band b<aiff a =b.
(ii) By (A1), di(a,a) =(a —a)®(a—a)=101=1.

(iii) By (3), (4) and (A0), di1(a,1)=(a—1)©® (1 —a)=10a=a.

(iv) We have that di(b,c) ® di(a,b) ® di(b,c) = (b = ¢) © (¢ — b) ® (a —
bH)ob—a)ob—c)®(c—b)=20y,wherexz = (b —¢c)®(c —b)®(a —b)
andy=(b—a)® (b —¢)®(c—b). By (8) and (14), we get that z < (b —
c)®(a—b<a—candy < (b—a)®(c—b) <c— a. Hence, applying (10)
we get that  © y < di(a,c).

(v) Similarly, applying (8) and (15). O

Let F' be a filter of A. We define two binary relations on A by:
a=pm b Y di(a,b)eF and a=pp b € dy(a,b) € F.

We remark that for any a,b € A,

a=pgp biff a = b,b — a € Fiff d3(a,b) € I, and

a=prp)biff a~b,b~ ac Fiff dy(a,b) € F.

Proposition 3.6 Let A be a pseudo-hoop. For a given filter F' of A, the
relations =p(py and =g (p) are equivalence relations on A.

Proof: Let us prove that =g(p) is an equivalence relation on A. By Lemma
3.5(ii), di(a,a) = 1 € F, hence a =g(p) a for any a € A. It is obvious that
=pg(r) is symmetric. It remains to prove the transitivity of =g(r). Suppose
that a =g(r) b and b =g ¢ for some a,b,c € A. Hence, di(a,b),d1(b,c) € F.
By Lemma 3.5(iv), d1(b,¢) ® di(a,b) ® dy(b,¢) < di(a,c), hence di(a,c) € F.
That is, a =g(p) c. We prove similarly that =y r) is an equivalence relation on
A O

Lemma 3.7 F={ac A|la=pp) 1} ={ac A|la=yp) 1}

Proof: We have that a =gy 1iff di(a,1) € F iff a € F, since di(a,1) = a
Similarly, @ =gy 1 iff da(a,1) € Fiff a € F, since dy(a,1) = a. O
Proposition 3.8 Let F be a filter of A. Then for all a,b € A,

(i) a =pp) biff z©a =y © b for some z,y € F;

(i') a=pp)biff a®z =00y for some z,y € F.
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Proof: (i) Suppose that x ® a = y © b, for some z,y € F. By (A2), we
get that y — (b - a) = (y©Ob) a=(x®a) >z =1, since z®a < z.
It follows that y < b — a, hence b — a € F, since y € F. Similarly,
we get that © — (¢ — b) = 1, hence a — b € F. We have got that
a — b,b — a € F, that is a =g(r) b. Conversely, suppose that a =g(r) b,
hence a - b,b - a € F. Let t =a — band y = b — a. We have that z,y € F
andz@a=(a—=bOa=arNb=bAha=(b—a)0b=y0Ob.

(i') Similarly. O

Let us denote by A/R(F) (A/L(F), respectively) the quotient set associated
with =g(p) (=L(r), respectively). For any a € A, a/R(F) (a/L(F), respec-
tively) will denote the equivalence class of a with respect to =gy (=L(r),
respectively).

Lemma 3.9 Let F be a filter of A. Then for all a,b,c,d € A,
(i) if a =g(py b and c =g(py d, then a — c€ Fiff b — d € F}
(i') ifa=pp)band c=p(p)d, thena~ce Fiffb~d e F.

Proof: (i) We have that ¢« — b,b — a,¢ — d,d — ¢ € F. By (14), we
get that (¢ - d)®(a = ¢)® (b —a) < (a—>d) (b — a) <b— dand
d—c)ob—d)©(a—>b) <(b—c)®(a—b) <a— c From the fact that
F is filter, it follows that a — c€ F iff b — d € F.

(i') Similarly. O

The previous lemma allows us to define the binary relation <gr) on A/R(F")
by:
de
a/R(F) <pir b/R(F) S a > be F.
It is straightforward to prove that <p(p) is an order relation on A/R(F). Sim-
ilarly, we define an order relation <) on A/L(F) by:

a/L(F) <y b/ L(F) € a~>beF.

In the sequel, we shall introduce normal filters in order to characterize the

congruences of a pseudo-hoop A.

A filter H of A is called normal if for every a,b € A we have the equivalence:
(N) a—beH iff a~beH.

We remark that {1} and A are normal filters of the pseudo-hoop A.
For a filter F" of A and a € A let us denote
a®F={aGz|reF}, Foa={r®a|xeF}.

Proposition 3.10 Let H be a a filter of A. The following are equivalent:

(i) H is a normal filter;

(i) a© H=H ®a for any a € A;

(iil) =r(a) = =L

Proof: (i)=(ii). Let a € Aand y = a©z € a © H. Tt follows that y =
aNy=(a —y)Oa,sincey =a®z < a By (A3) and (Al), we have that
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r~(a~y)=(@O0x)~ (a@z)=1,50 z < a~>y, hence a ~ y € H, since
x € H. From (N) we get that a — y € H. Thua, y = (a - y) @a € H ©a.
Hence, a © H C H ® a. We prove similarly that H ®a C a ®© H.

(ii)=-(iii) Let a,b € A such that a =g(g) b. By Proposition 3.8(i), there are
x,y € H such that x ® a = y ® b. Applying now (ii), there are z,t € H such
that t©a=a®zand y©@b=b®t. Hence, a ® z = bt for some z,t € H.
Applying Proposition 3.8(1/), we obtain that a =g gy b. Similarly, a =1y b
implies a =pg(p) b.

(iii)=-(i) Let a,b € A. By (20) and (A1), we get that a — aAb = (a — a)A(a —
b) =1A(a — b) =a — b, hence di(a,aNb) = (a — aAb)O(aANb— a) =
(a—>aAb)®1l=a— aAb=a — b Similarly, using (21) we obtain that
da(a,aNb) = a~ b. Applying (ii), it follows that a — b € H iff d1(a,aNb) € H
iff a =gy aNbiff a =y anbiff do(a,and) e Hiffa~be H. O

Lemma 3.11 Let H be a normal filter of A and z € A. Then
<HU{z}>={a€A|hoa™ <a, forsomen € w,h € H} ={a € A |
2" ®h < a, for some n € w,h € H}.

Proof: By Proposition 3.2, we have that

<HU{z}>={ac A| (M oa™)O(hs ®©2™)O...0 (ht ©®2™) <
a for some k € w — {0}, hy,...,h, € Hyny,...,np € w}.
If £ =1, then we get hy © 2™ < a.
If k=2, then a > (h1 ® 2™) © (ha ® ™) = h1 ® (2™ © hy) ® ™. Since H
is normal, it follows that z"* ® hy € 2™ ©®@ H = H ® x™*, so there is hg € H
such that 2™ ©® hy = hg ® ™. We get that a > hy © (2™ © he) ©® 2™ =
(h1 ® h3) © (™ @ z™) = h © 2™, where h = h1 ® hg € H and n = nj + na.
Applying repeatedly this procedure we obtain the intended result. O

Proposition 3.12 Let A be a pseudo-hoop and H be a proper normal filter of
A. The following conditions are equivalent:

(i) H is a maximal filter;

(ii) for all x € A, if & ¢H then for any a € A, 2" — a € F for some n € w;

(ii' ) for all z € A, if x ¢H then for any a € A, 2" ~» a € F for some n € w.

Proof: (i)=(ii) Let € A such that + ¢ H. By Remark 3.3, we have that
< HU{z} >= A. Applying Lemma 3.11, we get that for all a € A there is
n € w and h € H such that h © 2™ < a, so h < ™ — a. Since H is a filter of
A, it follows that 2™ — a € H.

(ii)=(i) Let x € A such that x ¢H. For any a € A, there is n € w such that
2" — a € H. We get that (2" —a) @2" = 2" Aa < a,s0a €< HU{z} >, by
Lemma 3.11. Hence, < H U {z} >= A. Apply now Remark 3.3 to obtain that
H is maximal.

(ii )< (i) Similarly. O

By Proposition 3.10, if H is a normal filter of A, then =g () and =g (g coincide.
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We shall denote by =g this equivalence relation and by a/H the equivalence
class of a € A.

Proposition 3.13 Let H be a a normal filter of A. Then =g is a congruence
on A.

Proof: Suppose that « =y b and ¢ =5 d. By Proposition 3.8(i), there are
x,y € A such that x ®a =y ®b. It follows that x ® (a ® ¢) = y ® (b® ¢), hence,
applying again Proposition 3.8(i), a ® ¢ =g b ® ¢. Similarly, from ¢ =y d and
Proposition 3.8(11) we get that b® ¢ =g b ® d. Thus, by the transitivity of =g,
a®c=g bOd.

Let us prove now that a — ¢ =g b — d. Firstly, we remark that a — b,b —
a,¢c — d,d — ¢ € H. By (14), we have that (¢ — d) ® (a — ¢) < a — d and
(d—¢)®(a —d) <a— c. Applying now (1), we get that ¢ - d < (a —
¢) = (a—=d)yandd — ¢ < (a — d) — (a — ¢). Since H is a filter of A, it
follows that (¢ — ¢) — (a — d) € H and (a — d) — (a — ¢) € H. Hence,
a — ¢ =g a — d. We prove in the same manner that « — d =g b — d. Thus,
a—c=gb—d.

The compatibility of =g with ~» is proved in a similar way. O

Proposition 3.14 Let = be a congruence on A and H= = {a € A | a = 1}.
Then H-= is a normal filter of A.

Proof: We have that 1 =1, hence 1 € H=. Let a € H= and b € A such that
a < b, that is a — b= 1. Since a = 1 and = is a congruence on A, we get that
l=a—b=1—>b=>b,hencebe H=. If a,b € H=, thena =1 and b =1, so
a®b=101=1,that isa®b € H=. Thus, we have proved that H= is a filter.
Let us prove now that H= satisfies condition ().

Suppose that a — b € H=, that is a — b = 1. It follows that a Ab = (a —
b)oa=10Ga=a,s0a~b=(aANb)~ b=1, hence a ~ b € H=. We have
got that a — b € H= implies a ~ b € H=. We prove similarly that a ~ b € H=
impliesa — b€ H=. O

Proposition 3.15 The map H —=pg is an isomorphism between the lattice of
normal filters of A and the lattice of congruences of A. Its inverse is the map
= +— H-.

Proof: Firstly, we shall prove that for any normal filter H of A and any
congruence = of A,
=p_==and H=, = H.

Let a,b € A such that a = b. It follows that a — b = b — b = 1 and
b—a=b—>0=1, hence a — b,b— a € H=, that is a =y_ b. Conversely, if
a=p_bthena—b=b—-a=1 Wegetthat aAb=(a—b)Ga=10a=a
andaANb=bAa=(b—a)®b=10b="0b, hence a =b.

Finally, for all a € A, we have that a € H=,, if a=g 1iffa - 1,1 - a € H iff
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a,1€ Hiffa e H.

Thus, we have proved that H —=p is a bijection between the normal filters of
A and the congruences of A. It is obvious that H; C Hy iff =5, C=p, for any
normal filters H; and Hy. O

Proposition 3.16 The variety of pseudo-hoops is arithmetical.

Proof: Let us consider the following ternary terms: p(z,y,z) = [(z — y) ~
ZI A [(z = y) ~ 2] and M(z,y,2) = [(y — @) ~ 2] A [(z = y) ~ y] A [z —
z) ~ z]. Let A be a pseudo-hoop and a,b € A. It follows that p(a, a,b) = [(a —
a) ~»bA[b—a)~a=0~bA[b—a)~a=bA[(b—a)~a] =0
and p(a,b,b) = [(a — b) ~ b A[(b = b) ~ a] = [(a — b) ~ b] Aa = a, since
b<(b—a)~aanda<(a—b)~ b, by (24). That is, p is a Mal’cev term
for the variety of pseudo-hoops. We also have that M(a,a,b) = [(a — a) ~
al A[(b— a) ~ a]A[(a — b) ~ bl = aA[(b— a)~ a]A[(a — b) ~ b] = a, since
a < (b—a)~ a, by (9), and a < (a — b) ~ b, by (24). We prove similarly
that M(a,b,a) = M(b,a,a) = a. Thus, M is a majority term. O

4 Some classes of pseudo-hoops

Cancellative pseudo-hoops

A pseudo-hoop A = (A, ®, —,~», 1) is called cancellative if the monoid (A, ®, 1)
is cancellative.

Proposition 4.1 A pseudo-hoop A is cancellative iff the following identities
hold:

(Cl)b—aGb=ag;

(C2)b~bOa=a.

Proof: Suppose that A is cancellative. It follows that a®b = bA(a®b) = (b —
a®b)®b, hence a =b— a®b. Similarly, bGa=bA(bGa) =00 (b~ b a),
soa=b~boa.

Conversely, suppose that A satisfies (C1) and (C2). Let a,b,c € A. If a®c = bGc
then, applying twice (C1) we get that a = ¢ — a® ¢ =¢ — b® ¢ = b. Similarly,
from c ®a =c® b and (C2) it follows that a =c~cOa=c~cOb=0>. O

By the above proposition, it follows that cancellative pseudo-hoops form a va-
riety.

Proposition 4.2 Let A be a cancellative pseudo-hoop. For all a,b,c € A,
(i)c—=a=cOb—ad®;
(i)Ye~a=boOc~boa;
(i) a@b<coObiff a < ¢
(ii/) bOa<bociffa<e.
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Proof: (i) By (Cl) and (A2), we havethat c ma=c— (b — a®b) =cOb—
a®b.

(i') By (C2) and (A3), we get that c~a=c~ (b~bGa)=bOc~bOa.
(ii) Applying (i), a©@b<c@bif a®@b—coOb=1ifa—-c=1iff a <c.

7

(ii ) Similarly, applying (i ). O

Wajsberg pseudo-hoops

A pseudo-hoop A = (A, ®, —,~, 1) is called Wajsberg if it satisfies the following
conditions

(W1) (a = b)~ b= (b— a) ~ a;

(W2) (a~b) - b= (b~ a) — a.

Proposition 4.3 Let A be a Wajsberg pseudo-hoop. Then
(i)aVvib=(a—b)~b=(b—a)~ aforallabe A
(i)aVab=(a~b) —b= (b~ a) — afor all a,b e A;

(ii) V1 and V3 are associative;

(i) avb=aVib=aVybforall a,b e A

Proof: (i) By the definition of Vi and (W1).

(i') By the definition of Vo and (W2).

(ii) If a < b and ¢ € A, then applying twice (13) we get that b — ¢ < a — ¢ and
(@ —c)~c<(b—c)~ ¢ that is a V1 ¢ < bVy c. By Proposition 2.12, Vq is
associative. We prove similarly that Vs is associative.

(iii) Apply Remark 2.14. O

Bounded Wajsberg hoops are termwise definitionally equivalent to Wajsberg
algebras (see [4], Theorem 1.19). A similar result is obtained in the case of
pseudo-hoops.

A pseudo-Wagsberg algebra ([9]) is an algebra A = (4, —,~,~,~, 1) with two
binary operations —,~+, two unary operations —,”~ and one constant 1 satisfying
the following axioms:

ila—a=a~a=1

(i) (a—>b)~b=0b—a)~a=(b~a) —a=(a~b) — b

(it}) (a = b) = [(b— ) ~ (a = 0)] = (a~s b) ~ [(b~> ©) = (a~ c)] = 1;

(iv) 17 =17

(v) (4=~ b™) = (b= a) = (@~ = b) = (b~ a) = 1

(vi) (a—= b)Y =(b~a™)".

For details about pseudo-Wajsberg algebras see [9, 10].

Proposition 4.4 The variety of bounded Wajsberg pseudo-hoops is termwise
definitionally equivalent to the variety of pseudo-Wajsberg algebras.

Proof: If A =(A,®,—,~,0,1)is a bounded Wajsberg pseudo-hoop, then for
all a € A we define = = a — 0 and a™~ = a ~ 0. Then, algebra A* = (A, —,~»
,7,~, 1) is a pseudo-Wajsberg algebra. Conversely, if B = (B, —,~,~,~,1)
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is a pseudo-Wajsberg algebra, then let 0 = 17 = 1~ and for all a,b € A,
a®b=(a—b")" = (b~ a”)". Then B° = (B,®,—,~,0,1) is a bounded
Wajsberg pseudo-hoop. It is easy to prove that for any bounded Wajsberg
pseudo-hoop A and for any pseudo-Wajsberg algebra B, we have that A*° = A
and B®* =B. O

Basic pseudo-hoops

A pseudo-hoop A = (4,0, —,~, 1) is called basic if it satisfies the following
conditions

(Bl) (a—=b) »c<((b—a)—c)—q

(B2) (a~b)~ ¢ < ((b~ a) ~ ¢) ~ c.

Lemma 4.5 Let A be a basic pseudo-hoop. For any a,b,c € A, the following
hold:

(i) (a—=b)Vy(b—a)=1;

() (a~s b) Va (b~ a) = 1

(11)a—>b—(a\/1b)—>b

(i) @~ b= (a Vs b) ~ b;

(iii) (aV1ib) mc=(a—c)A(b—c);

(iii') (aVab)~ ¢ = (a~¢) A (b~ c).

Proof: (i) Let x = (a — b) V1 (b — a). Applying (B1) we get that (¢ —
b) - x < ((b - a) — ) — z. But, by Proposition 2.11(ii), we have that
(a—b) —-xz=(0b—a) —x=1hence 1 <1— z=x. Thatis, z = 1.

(ii) Since a < a V; b, applying (13) we get that (a V1 b) — b < a — b. Let us
prove the converse inequality. From (26) and (13) it follows that a — b < ((a —
b) ~b) = b<(aVib) = b, sinceaVib=((a =b)~bA({(b—a)~a)<
(a — b) ~b.

(iii) The inequality (a V1 b) — ¢ < (a — ¢) A (b — ¢) is obvious, by (13) and
a,b<aVvib Let x =[(a — ¢)A(b— c)]~ [(aVib) — ¢]. We have to prove
that = 1. We have that [(a = ¢) A (b — ¢)]©[(aV1b) = b © (aV1b) =[(a —
OAb— A [[avib) Al =[(a— ) A= )] 0b< (b— ) @b=bAc<c,
sofla—=c)A(b—c)]O(aVib) —b] <(aVib) — ¢, hence (aVyb) — b < x.
Applying now (ii), it follows that a — b < z, that is (a — b) — x = 1. We
obtain similarly that (b — a) — z = 1. By (B1), we get that 1 = (¢ — b) —
x<((b—a)—>z)—2x=1— 2=z hence x = 1.

(i'), (ii') and (iii') are proved similarly. O

Proposition 4.6 Let A be a basic pseudo-hoop. Then for any a,b € A there
exists a Vb and a Vb =aV; b=aVyb. The lattice (4, A, V) is distributive.

Proof: By Proposition 2.11(ii), we have that a,b < aViband a,b < aVab. Let

¢ € A such that a,b < ¢, that is a — ¢ =b — ¢ = 1. Applying Lemma 4.5(iii),
it follows that (aV1b) = c=(a—c)AN(b—¢)=1A1=1,henceaVib<ec
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Similarly, applying Lemma 4.5(iii'), we obtain that a Vo b < ¢. Thus, we have
proved that a Vb =aV1b=aVab. To get that (A4, A, V) is a distributive lattice
apply Lemma 2.9(iii). O

Proposition 4.7 Let A be a pseudo-hoop. The following are equivalent:
(i) A is a basic pseudo-hoop;

(ii) V1 and V3 are associative and (a — b) V1 (b — a) =1 for all a,b € A;
(iii) V1 and V4 are associative and (a ~» b) Vg (b~ a) =1 for all a,b € A.

Proof: (i)=-(ii) By Proposition 4.6 and Lemma 4.5(i).

(ii)=(i) By Remark 2.14, we have that V = Vi = V. Applying (11) and
Proposition 2.8(i), it follows that ((¢ — b) — ¢)® ((b — a) — ¢) < ((a —
b) = )N ((b—a) —c¢)=((a =b)V((D—a)—c=1— c=c Hence,
((a —b) —¢) < ((b—a) — ¢) — ¢, that is (B1). We prove similarly (B2).

(i) (iii) Similarly. O

Lemma 4.8 Let A be a basic pseudo-hoop. Then for all a,b,c € A,
Hao(bAc)=(a®b)A(a®c);

iY(bAc)©a=(bAa)® (cAa);

i) (a—b)—(b—a)=bb—q

ii) (@~ b)~ (b~ a) =b~ a.

NN SN N

Proof: (i) Applying the fact that (A4, A, V) is distributive, Lemma 4.5(1/) and

Lemma 2.9(i'), we get that (a©b)A(a®¢) = [(a®b)A(a®c)]O1 = [(a®b)A(a®

A)]O[(b~ c)V(c~b)] = [((a©b)A(a®c)) O (b~ )] V[[(a©b)A(a®c)) O (c~

b)] <[a@beO (b~ c)|V]a®c® (c~b)]=a® (bAc). The converse inequality

is obvious.

(i') Similarly.

ii) By (9), we get that b — a < (a — b) — (b — a). Conversely, we have that
—(b—a)Via—b) =[((b—a) — (@— b))~ (a— b Al(a— b —
— a)) ~ (b — a)], hence ((a — b) — (b — a)) ~ (b — a) = 1, that is
—b)—(b—a)<b—a.

ii') Similarly. O

(i
1
(b
(a
(i
Proposition 4.9 Any Wajsberg pseudo-hoop is a basic pseudo-hoop.

Proof: Let a,b € A. By (32), (W1) and (30), it follows that b — a = [((b —
@)~ a) = b = (b= a) = [((a — b) ~ b) — b — (b— a) = (a — b) —
(b — a). By Proposition 4.3(i), (a — b) V1 (b — a) = ((a = b) — (b — a)) ~
(b—a)=(b—a)~ (b —a)=1. Since A is Wajsberg, by Proposition 4.3(ii)
we get also that Vi and Vs are associative. Applying now Proposition 4.7, we
obtain that A is a basic pseudo-hoop. O

Bounded basic hoops are termwise definitionally equivalent to BL-algebras (see
[1], Theorem 2.6). A similar result is obtained in the case of pseudo-hoops.
A pseudo-BL algebra ([12, 20]) is an algebra (A, V,A,®,—,~,0,1) with five
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binary operations V, A, ®, —,~» and two constants 0, 1 such that:
(1) (4, \/ A,0,1) is a bounded lattice;

(i) (A, ®,1) is a monoid;

(iii) a®b<c1ﬁ’a<b—>01ﬁ’b<a~>c
(iv)anb=(a—b)Oa=a® (a~ b);

(V) (@a—=b)V(b—a)=(a~b)V(b~a)=1.

Proposition 4.10 The variety of bounded basic pseudo-hoops is termwise def-
initionally equivalent to the variety of pseudo-BL algebras.

Proof: If A =(A,®,—,~,0,1) is a bounded basic pseudo-hoop, then for all
a,b € A we can define aAb and aVb. Then, algebra A* = (4, A,V,®, —,~»,0,1)
is a pseudo-BL algebra. Conversely, if B = (B, A, V,®, —,~,0,1) is a pseudo-
BL algebra, then its {®, —,~», 0, 1}-reduct is a bounded basic pseudo-hoop B°.
O

Product pseudo-hoops

A basic pseudo-hoop A = (A,®,—,~,1) is called product if it satisfies the
following conditions

(P1) b—b < <(aA(a—Db))—1b

(P2) b~ b < (a A (b~ a)) — b;

(P3) ((a—>b)—>b) (cOa—doa)®(cOb—dob) <c—d;

(P4) ((a~b)~b)o(a@c~>a®d)®bOc~bod) <c~d.

Proposition 4.11 If A is a cancellative and a basic pseudo-hoop, then A is a
product pseudo-hoop.

Proof: Let a,b,c,d € A.
PHb—-b2=10b—-boOb=1—b=>b<(aA(a— b)) — b, by Proposition
4.2(i) and (9).

(P2) Similarly, applying Proposition 4.2(i') and (9).

(P3) ((a—=b) —=b)0e(cea—doa)®0(c®b—dob)=((a—b) =0 (c—
d)®(c—d) <c—d.

(P4) Similarly. O

(Strongly) simple pseudo-hoops

A pseudo-hoop A is called simple if {1} is the unique proper normal filter of A.
The pseudo-hoop A is called strongly simple if {1} is the unique proper filter of
A. Of course, any strongly simple pseudo-hoop is simple. When A is a hoop
the two notions coincide, since in this case filters and normal filters coincide.

Lemma 4.12 Let A be a a pseudo-hoop. The following are equivalent:

(i) A is strongly simple;
(ii) for all @ € A, if a # 1 then < a >= A4;
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(iii) for all a,b € A, if a # 1 then there exists n € w — {0} such that a™ < b;
(iv) for all a,b € A, if a # 1 then there exists n € w — {0} such that a = b = 1;
(iv') for all a,b € A, if a # 1 then there exists n € w — {0} such that a < b = 1.

Proof: (i)<(ii) is obvious.
By Proposition 3.2, any one of the conditions (iii), (iv), and (iv ) is equivalent
to (ii). O

Lemma 4.13 Let A be a a strongly simple pseudo-hoop. For all a,b € A,
(i) b — a = a impliesa =1 or b= 1;
(i)b~a=aimpliesa=1lorb=1

Proof: (i) Let a,b € A such that b — a = a. It follows immediately that
b" — a=a for all n € w. If b # 1, then we can apply the above lemma to get
ng € w — {0} such that b < qa, that is b — a = 1. Hence a = 1.

(i') Similarly. O

Proposition 4.14 Let A be a a basic pseudo-hoop such that for all a,b € A,
b—a=aimpliecsa=1orb=1

and
b~ a=aimpliessa=1orb=1.

Then A is a linear Wajsberg pseudo-hoop.

Proof: Let a,b € A. Applying Lemma 4.8(ii), we get that (a — b) — (b —
a) = (b — a). Hence, by the hypothesis, a — b =1 or b — a = 1, that is
a < borb<a. Thus, A is a linear pseudo-hoop. Let us prove now that A is
Wajsberg. We shall prove only (W1), (W2) following similarly. Let a,b € A. If
a = b, then (W1) is obvious. Assume a # b Since A is linear, we can suppose
that a < b. Tt follows that (a — b) ~» b =1~ b =b, so it suffices to show that
(b—a)~a=0.

By (32), [((b — a) ~ a) — b — (b — a) = b — a, so by the hypothesis
and the fact that b — a # 1, it follows that ((b — a) ~ a) — b = 1, that is
(b — a) ~ a < b. But, from (24), we have also that b < (b — a) ~» a. Hence,
we have obtained that (b — a) ~ a =b. O

Corollary 4.15 Every strongly simple basic pseudo-hoop is a linear Wajsberg
pseudo-hoop.

Proof: It follows immediately from Lemma 4.13 and Proposition 4.14 O

5 Some examples

In this section we shall give some examples of pseudo-hoops and normal filters,
inspired by [18, 19, 12, 3, 1].
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Example 5.1 ( see [18], Example 1.1, and [19], Example 1.3 )
Let G = (G,+,—,0,V,A) be an arbitrary [-group. For an arbitrary element
u € G, u > 0 define on the set Glu] = [0, u] the following operations:

a®b=(a—u+b)VO0,

a—b=(b-a+u)Au, and

a~b=(u—a+b)Au.
By [19], Proposition 1.4, G[u] = (G[u], ®, —,~,u) is a pseudo-MV algebra,
hence a bounded Wajsberg pseudo-hoop. For the sake of completeness, we shall
give here a proof of this fact. Firstly, let us note that G[u] is closed under
the operations ®, —,~». We shall verify the identities from Theorem 2.2. Let
a,b,c € [0,u].
(AD0)au=(a—u+u)VO=aV0=cand u®a=(u—u+a)V0=aV0=a,
since a > 0;
(Al)a—a=a~a=uAu=u;
(A2) a®b — c=[(a—u+b)V0] = ¢ = [c—(a—u+b)VO+u]Au = (c—b+u—a+
wA(c+u)Au=(c—b+u—a+u)Auvanda — (b—c)=[(b—c)—atu]Au=
[(e=b+u)Au—a+u]Au= (c=b+u—atu)A(u—atu)Au= (c—b+u—a+u)Au;
(A3) boa~ c=[(b—u+a)V0]~ c= [u—(b—u+a)VO+cAu= (u—a+u—b+
AN (ut+c)Au=(u—a+u—b+c)Auand a~ (b~ c) =a~ [(u—b+c)Au] =
[u—a+(u—b+c)AulAu= (u—a+u—b+c)A(u—atu)Au= (u—at+u—b+c) Au;
(Ad) (a = b)0a=[a—-b)—u+taVvVOo=[b—at+u)Au—u+alV0=
[(b—at+u—ut+a)AN(u—u+a)V0=(bAa)V0 =D>bA a and, similarly,
(b—a)©b=aAb We also have that a ® (a ~ b) = [a —u+ (a~ b)| VO =
[a—u+(u—a+b)Au]V0 = [(a—ut+u—a+b)Ala—u+u)|V0 = (bAa)V0O =bAa
and, similarly, b ©® (b~ a) = a A b.
Hence, G[u] is a pseudo-hoop. It is obvious that G[u] is bounded. It remains to
prove (W1) and (W2). Let a,b € G[u]. We have that (a — b) ~ b= [u — (a —
b)+b)Au = [u—(b—at+u)Au+b|Au = [(u—u+a—b+b)V(u—u+b)|Au = (aVb)Au =
avVband (b—a)~a=u—(b—a)+aAu=u—(a—b+u)Au+aAu=
(u—u+b—a+a)Vuw—u+a)]Au=(bVa)Au=>bVa=aVb Hence, (W1)
is satisfied. We prove similarly that (W2) holds.

Let K be a normal convex [-subgroup of G. We define
F={aeGu]|u—aec K}.

Proposition 5.2 F is a normal filter of G[u].

Proof: Firstly, let us remark that, since K is normal, if u — a € K, then
u=(u—a)+a€ K+a=a+ K, hence —a+u € K. That is, F = {a € G[u] |
—a+u € K}. We have that v € F, sinceu —u =0 € K. Let a € F,b € G[u]
such that a < b. Since K is convex,0 < u—b < u—a, and 0,u—a € K it follows
that u—b € K, hence b € F. Let a,b € F, that isu—a,u—b € K. We get that
0<u—(a®b)=u—[(a—u+b)V0]=(u—b+u—a)Au< (u—b)+(u—a) € K,
sou—(a®b) € K, hence a®b € F. Thus, we have got that F is a filter of G[u].
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In order to prove that F' is normal we apply Proposition 3.10(ii). We shall prove
only that x © F C F ® z for any x € G[u|, the converse inclusion being similar.
Let a € F, that is —a+u € K, s0 —u+a= —(—a+u) € K. Since K is normal,
we get that t—u+a € x4+ K = K+x, hence r—u+a = k+x for some k € K. It
follows that k = x—u+a—x,s0 k+u=x—u+a—x+u. Let b = [(k+u) V0] Au.
Then, 0 <b<wand 0<u—-b=[u— (k+u)VOVO=[(u—u—Fk)Au]V0=
(k) Aul]VvO=[-k)VOAu<(-k)VO=lk|] € K, sou—0b € K, hence
beF. Wegettht bOoz=(b—u+z)VO=[((k+u)VO)Au—u+2z]V0=
(E+u)VO—ut+a)A(u—u+2)]VO=[((k+u—u+z)V(—u+z))Az]V0 =
[(E4+z)V(—u+x)Az]VO=[k+z)V(—u+z)VO]Az=[(k+z)VO]Az =
[(z—a4+u)VOAz=(z0a)ANz=20Ca. Hence, a @z =z0bex©F. O

The following example is strongly related to Example 1.21 from [12].

Example 5.3 Let G = (G, +,—,0,V, A) be an arbitrary I-group and N(G) be
the negative cone of G, that is N(G) = {a € G | a < 0}. On N(G) we define
the following operations:

a®b=a+b,

a—b=(b—a)A0, and

a~b=(—a+b)AO0.
Then N(G) = (N(G),®, —,~,0) is a pseudo-hoop. We shall verify the identi-
ties from Theorem 2.2. Let a,b,c < 0.
(A0) a®0=a+0=a=0+a=00aq;
(Al)a—a=a~a=0A0=0;
(A2) a©b - c=[c—(a+bd]A0=(c—b—a)AOand a — (b — ¢) =
[(c=b)A0—a]AO=(c=b—a)A(—a)ANO=(c—b—a)AO0;
(A3 bOa~c=[-(b+a)+A0=(-a—b+c)ADand a ~ (b~ ¢) =
[—a+ (=b+c)AO0JAO=(—a—b+c)A(—a) AO=(—a—b+c) AAO;
(A4) (a—b)@a=(b—a)AN0+a=>bAa and, similarly, (b — a) ©b=a Ab.
a®(a~b)=a+ (—a+b)A0=0>bAa and, similarly, b® (b~ a) = a Ab.

Proposition 5.4 The pseudo-hoop N(G) is cancellative.

Proof: Let us verify (C1) and (C2). If a,b € Glu], then b - a ® b= (a+b—
bAO=aA0=aand b~bOa=(-b+b+a)AN0=aA0=a. O

Proposition 5.5 The pseudo-hoop N(G) is a product pseudo-hoop.

Proof: Let a,b,c € A. Firstly, we prove that N(G) is basic. We shall verify
only (B1), the proof of (B2) being similar. We have that (a — b) — ¢ =
[c=(b=a)ANOJAO=[(c—a+b)Vc]AOD,(b—a)—c=[(c—b+a)VcAD, and
(b—a)—c)—c=[c—(((c=b+a)Ve)NO)]AD = [(c—(c—b+a)Vec)V]AD =
[((c—a+b—c)ANO)V]AO=[(c—a+b—c)VIA(OV)AD = [(c—a+b—c)V|AO.
Since ¢ < 0, it follows that 0 < —¢, so c—a+b < ¢c—a+ b —c. That is,
(a—=b) —c=[(c—a+d) VA0 <[(c—a+b—c)V]AO=((b—a) —c)—c.
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Apply now Proposition 5.4 and Proposition 4.11 to get that N(G) is a product
pseudo-hoop. O

Proposition 5.6 (i) If K is a convex [-subgroup of G, then F' = K N N(G) is
a filter of N(G).
(ii) If K is normal in G, then F' is normal in N(G).

Proof: Obvious.

Proposition 5.7 For any cancellative pseudo-hoop A there exists an [-group
G such that A 2 N(QG)

Proof: Applying Nakada Theorem (see [17], Theorem X.1), there is an I-group
G and a p.o.-monoid isomorphism f : (4,®,1,<) — (N(G),+,0,<). For all
a,b € A, [f(a) = f(b)]+f(a) = [(f(b)=f(a) AO]+f(a) = f(b)Af(a) = f(bAa) =
f((a —=b)®a) = f(a — b)+ f(a). Since N(G) is cancellative, it follows that
fla) — f(b) = f(a — b). We prove similarly that f(a) ~ f(b) = f(a ~ D).
Hence, f is a pseudo-hoop isomorphism. O

Example 5.8 (see [3], pag. 18, and [1], pag. 5)
Let A, B be pseudo-hoops with AN B = {1}. Then, the ordinal sum of A and
B is denoted by A x B and is defined as follows. The domain of the algebra
AxBis AUB, 1A%B = |,

zofhy ifzycA

xoBy ifxyeB

TOY=Y ifreB—{llyeA—{1}
x ifre A—{1},y e B— {1}
r—=By ifzycA

) 2By ifzyeB

YTy ifreB—{1},yec A—{1}
1 ifreA—{1},ye B—{1}
z~BAy ifxycA

vy = r~By ifz,yeB
Y ifreB-{l},ye A—{1}
1 ifre A—{1},ye B— {1}

If AN B # {1}, then we can replace A and B with isomorphic copies whose
intersection is {1}. It is enough to take A x {1B} and B x {1#} and define their
ordinal sum as above.

Proposition 5.9 Let A, B be pseudo-hoops with AN B = {1}. Then
(i) A x B is a pseudo-hoop;

(ii) if A, B are linear pseudo-hoops, then A x B is also linear;

(iii) A and B are subalgebras of A x B;

(iv) B is a normal filter of A x B.
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Proof: (i) The proof is similar to the one given for hoops (see [11]).

(ii) Let z,y € AUB. If z,y € A or z,y € B, then use the fact that A, B are
linear to get that z < y or y < x. Suppose that x € A — {1} and y € B — {1}.
Then ¢ -y =z~ y=1,s0 x <y. Similarly, if € B— {1} and y € A — {1},
then y - x =y~ o =1, so y < x. Thus, we have proved that A x B is a
linear pseudo-hoop.

(iii) is obvious.

(iv) It is easy to prove that B is a filter of A x B. Let us prove that B is
normal. Let z,y € AUB. If 2,y € B, then 2 — y = 2 —B y € B and
rt~y=x~ByecB IfzyecA thena — y =2 —-» y € A and
x -~y =1x~Ayc A Since AN B = {1}, we have that + — y € B iff
roy=1life<yifza~y=1ifz~yeB. lfze A-{1},y e B— {1},
then z — y = 1 = & ~ y. Finally, if + € B — {1},y € A — {1}, then
rT—y=y=x~y. U

Let us consider the two element Boolean algebra Ly = {0,1}. Then Lo is a
hoop that is not cancellative, since 0©1 =000 =0and 1 # 0. If A is a

pseudo-hoop that is not linear (a direct product of pseudo-hooops, e.g.), then
let B=A x LQ.

Remark 5.10 B is not a a basic pseudo-hoop.

Proof: Let a,b € A such that a,b are incomparable, so a —a b # 1 and
b—aa#1 Then (a -b)~0=(a—ab)—0=1and (b -a) —0)—0=
1 — 0 =0, hence (B1) is not satisfied. O

By Proposition 4.9, it follows also that B is not a Wajsberg pseudo-hoop. Hence,
as in the case of hoops (see [1], pag. 12), the ordinal sum construction allows
us to obtain examples of pseudo-hoops that are not basic.
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