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Introduction

Motivation (I - Keywords: curvatures, 3D geometry)
Face detection. 3D shapes and lack of flatness.

Fig. 10. An example of the system in action. Top row: input polygonal mesh, projected range image and eyes and noses candidates. Second row: a candidate

face triangle and the associated range image that was classified as non-face. Third and fourth rows: the two face triangles correctly classified as faces.

[Colombo et al., 2006]
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https://www.sciencedirect.com/science/article/pii/S0031320305003791

Introduction

Motivation (I - Keywords: curvatures, 3D geometry)

Facial expressions. Again curvatures, this time in a ML pipeline!
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Fig. 2. Various examples of DMCMs after normalization, applied to 3D expressionnal faces. From top to bottom, expressions are Anger (AN), Disgust
(DD), Fear (FE), Happinness (HA), Sadness (SA) and Surprise (SU). From left to the right, images are the original range image, then the DMCMs following

[Lemaire et al., 2013]
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https://hal.archives-ouvertes.fr/hal-00823903/file/fg.pdf

Introduction

Motivation (I - Keywords: curvatures, 3D geometry)
Facial expressions. Use convolutions or 3D irregular structures.

Learning Facial Expressions with 3D Mesh Convolutional Neural Network 7=

Expression 1 Expression 2 Expression3

Fig. 11. The geometry signatures on the 3D face. Each row shows different expressions of the same subject.

[Jin et al., 2018]
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https://dl.acm.org/doi/pdf/10.1145/3200572

Introduction

Motivation (Il - Use of particular smooth manifolds)
matrices.

Pedestrian detection. The manifold of interest is known - space of

TUZEL ET AL.: PEDESTRIAN DETECTION VIA CLASSIFICATION ON RIEMANNIAN MANIFOLDS

[Tuzel et al., 2008]


https://www.researchgate.net/profile/Fatih-Porikli/publication/23171515_Pedestrian_Detection_via_Classification_on_Riemannian_Manifolds/links/575e236f08aec91374aefb5c/Pedestrian-Detection-via-Classification-on-Riemannian-Manifolds.pdf

Introduction

Motivation (Il - Manifold hypothesis)

Facial expressions. Use a “manifold embedded” in a high dimensional
feature space.

Fig. 6. Facial expression recognition result with manifold visualization.

[Chang et al., 2006] 6/25


https://www.sciencedirect.com/science/article/pii/S0262885605001629?casa_token=ghofJOtZLecAAAAA:N0MUApyv4MAPg9OFKa_KQPLVpHPfKQ4cvxYqAxHSBpXV71t95pRUn7a9ijEux-bQ63NrIZSfyjVy

Introduction

Motivation (Il - Manifold hypothesis)

Molecular Biology. DG-GL. Encoding geometric information, again
curvatures and other feature embedding.
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https://onlinelibrary.wiley.com/doi/pdf/10.1002/cnm.3179?casa_token=ULbqrhG4P4YAAAAA:EZ20GrS-pnlI7n4CdAX4GIRMh8-FwQTjDfeTYrJmS6H36NZVti0KR7HQADiIRpNTlFe70mzxl1Q18mi3lQ

Introduction

Motivation (Il - Manifold hypothesis)

2-manifold estimated from
Ethanol molecule 50,000 configurations of the ethanol molecule

Figure 1

(Left) The ethanol molecule has 9 atoms; a spatial configuration of ethanol has D =3 x 9 dimensions. The
CH3 group (comprising atoms 2, 6, 7, and 8) and the OH group (atoms 3 and 9) can rotate with respect to
the middle group (atoms 1, 4, and 5), and the blue and orange lines represent these angles of rotation. (Right)
A 2-manifold estimated from 50,000 configurations of the cthanol molecule. The manifold has the topology
of a torus, and the color represents the rotation of the OH group, pointing out that the two above rotation
angles are sufficient to approximate any molecular configuration in these data. The sharp corners are
distortions introduced by the embedding algorithm (explained in Section 5.1). Figure 6 shows the original
data; the dataset is from Chmiela et al. (2017). Right panel was created by Samson J. Koelle and adapted with
permission from Koelle et al. (2022), copyright 2022.

[Meild & Zhang, 2024]
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https://www.annualreviews.org/content/journals/10.1146/annurev-statistics-040522-115238

Manifolds. Brief theoretical background

What is a manifold?

- A (smooth) manifold of dimension n (Romanian=varietate
diferentiabild n-dimensionald): topological space M that ‘locally’
(around each point) is homeomorphic to R"” (via maps called charts)
and such that the overlapping charts induce smooth functions

between open sets of R".
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Manifolds. Brief theoretical background

Examples (1) Smooth curves

O

Circle Ellipse Parabola Helix
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Counterexamples
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Manifolds. Brief theoretical background

Examples (II) Smooth surfaces

Sphere

Cylinder

Hyperboloid
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Manifolds. Brief theoretical background

Is this a smooth surface?
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Manifolds. Brief theoretical background

How many clusters?

seseetes e
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How many clusters?
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Manifolds. Brief theoretical background

or other practical problems
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Manifolds. Brief theoretical background

Examples of manifolds
e The space R” (Euclidean space)
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https://www.theconstructionindex.co.uk/news/view/plans-got-in-for-giant-mobius-strip
https://www.theconstructionindex.co.uk/news/view/plans-got-in-for-giant-mobius-strip
https://upload.wikimedia.org/wikipedia/commons/5/5c/Klein_bottle.svg

Manifolds. Brief theoretical background

Examples of manifolds

e The space R” (Euclidean space)
e The n-dimensional sphere S" (subspace of R™*1)

17/25


https://www.theconstructionindex.co.uk/news/view/plans-got-in-for-giant-mobius-strip
https://www.theconstructionindex.co.uk/news/view/plans-got-in-for-giant-mobius-strip
https://upload.wikimedia.org/wikipedia/commons/5/5c/Klein_bottle.svg

Manifolds. Brief theoretical background

Examples of manifolds

e The space R"” (Euclidean space)
e The n-dimensional sphere S" (subspace of R™*1)
e Rotation spaces SO(2) = S, SO(3)

17/25


https://www.theconstructionindex.co.uk/news/view/plans-got-in-for-giant-mobius-strip
https://www.theconstructionindex.co.uk/news/view/plans-got-in-for-giant-mobius-strip
https://upload.wikimedia.org/wikipedia/commons/5/5c/Klein_bottle.svg

Manifolds. Brief theoretical background

Examples of manifolds

The space R” (Euclidean space)

The n-dimensional sphere S" (subspace of R™*1)
Rotation spaces SO(2) = St, SO(3)
Some manifolds arise as hypersurfaces (vanishing locus of a smooth

function, e.g. xy — 1 = 0), however, not any vanishing locus of a
smooth function is a smooth manifold (e.g. xy = 0)
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Examples of manifolds

The space R” (Euclidean space)
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Rotation spaces SO(2) = St, SO(3)

Some manifolds arise as hypersurfaces (vanishing locus of a smooth

function, e.g. xy — 1 = 0), however, not any vanishing locus of a
smooth function is a smooth manifold (e.g. xy = 0)

Parametric representations: there exist f, ... fy smooth (suitable)
such that each sample x can be represented as

x = (f(u1,...,up),... fg(u1,...,up)), for suitably chosen parameters
ui, ..., Up
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Examples of manifolds

The space R” (Euclidean space)

The n-dimensional sphere S" (subspace of R™*1)

Rotation spaces SO(2) = St, SO(3)

Some manifolds arise as hypersurfaces (vanishing locus of a smooth
function, e.g. xy — 1 = 0), however, not any vanishing locus of a
smooth function is a smooth manifold (e.g. xy = 0)

Parametric representations: there exist f, ... fy smooth (suitable)
such that each sample x can be represented as

x = (f(u1,...,up),... fg(u1,...,up)), for suitably chosen parameters
U, ..., Up

The embedding of a manifold in an Euclidean space RY is important.
The sphere S?, the cylinder, the hyperboloid can be embedded in R3.
Examples of surfaces that cannot be embedded in R3: the Mobius
strip, the Klein bottle.
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Distance computations, vectors, inner product

e Q: What are the keys of the distance computations?
e In R? one has

— — — —  —
d(A,B)? = || AB || = (AB, AB) =AB - AB

e Recall that for x,y € RY one has (x,y) = Zf’zl x;y;. More general,
one can conside ar inner product

d
(x,y) = Z &ijXiYjs

ij=1
given by a matrix (gj) that satisfies several conditions (symmetric,
positive definite).
e In general, an inner product allows you to compute distances and
angles.
e A: The vector space structure and the inner product.
e If a manifold is embedded in RY, although one may consider vectors
with origin at a given point, the end point of the vector might not be

situated on the manifold.
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Tangent vectors, tangent space

e Let M be a n-dimensional manifold. For each point x € M, one can
define a vector space of dimension n, called the tangent space at M
in x (usually denoted by T, M).
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Tangent vectors, tangent space

e Let M be a n-dimensional manifold. For each point x € M, one can
define a vector space of dimension n, called the tangent space at M
in x (usually denoted by T, M).

e Examples: (i) RY (in this case for each point the tangent space is RY
itself), (ii) the circle, (iii) the sphere

A point P on the sphere and the tangent plane to the sphere at P.
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Manifolds. Brief theoretical background

Distance measurement on manifolds: Riemannian metrics

» To give a Riemannian metric g on a manifold means to indicate an
inner product in each tangent space (to each point), such that certain
compatibility conditions are verified. A Riemannian manifold (M, g) is
a manifold endowed with a Riemannian metric
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Distance measurement on manifolds: Riemannian metrics

» To give a Riemannian metric g on a manifold means to indicate an
inner product in each tangent space (to each point), such that certain
compatibility conditions are verified. A Riemannian manifold (M, g) is
a manifold endowed with a Riemannian metric

» The same space can be endowed with different metrics!

» “Hierarchy": topological space / smooth manifold / Riemannian

manifold
>

» Metrics on a circle (sphere): the chordal distance and the arc
(geodesic) distance

20 /25



Manifolds. Brief theoretical background

Distance measurement on manifolds: geodesics,
exponential and logarithm

e Given a Riemannian manifold (M, g), take x € M arbitrary and
v € TyM. There exists a unique geodesic 7, such that v,(0) = x
and 7, (0) = v. There exists a map, called exponential map (it is
defined locally!), exp, : T¢<M — M, such that exp,(v) = v,(1). Its
inverse is called logarithm. A geodesic is, locally, a path of shortest
length.

The exponential and the logarithm map are locally defined and they are inverse to each other.
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e Geodesics of the Euclidean space R? are line segments
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Examples

Manifolds. Brief theoretical background

unique?

e Geodesics of the Euclidean space RY are line segments
e Geodesics of the sphere S? are the great circles. Are the geodesics

e Given two points on a cylinder:

how can one construct a geodesic?




Manifolds. Brief theoretical background

The groups SO(3), E(3) and movements

Structure from motion. (Relative) rotations can be modeled by using the
group SO(3) (rotations in the 3-dimensional space), which also has a
(natural) structure of 3-dimensional manifold. Could you describe the
group SO(2) (plane rotations)?

e 5l
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Source: [Ozyesil et al., 2017, cf. Snavely et al., 2006], see also Hartley
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Manifolds. Brief theoretical background

SPD-matrices
SPD (Symmetric positive definite) matrices

SPD(n) = {S € M,(R)|ST =S, Vx#0, x"Sx > 0}.

Download : Download high-res image (IMB) Download : Download full-size image

Fig. 13. The brain regions used in the evaluation of the default mode network. 2) The brain
network includes the superior frontal gyrus (SEG), medial orbitoftontal cortex (MOE),
parahippocampus (PHC), precuneus (PrC) and inferior parietal lobe (IPL) according to the
Desikan-Killiany atlas (Desikan et al, 2006). The brain regions in the left hemisphere are
presented. The first letters “I” and “r” i each region's name indicate left and right hemisphere.
b) The geometric average of a group of 734 functional connectivity matrices (EC) is presented.
All square pixels in the connectivity matrix indicate edges among the brain regions. Dots in (b)
indicate edges that show 5% diferences between Euclidean average and geomeic average of
group ivity matrices. ) Functional ivity matrices of plary subjects are
displayed.

Source: [You and Park, 2021]
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Manifolds. Brief theoretical background

Reference

[Miolane et al., 2020] and the references therein. This work is the reference
paper for the geomstats package (used for the tasks of the first two labs).
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