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Introduction

Once again: CNN in the 2D-framework

[LeCun et al., 2015]
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Introduction

Seek for generalizations...
▶ Aim: To extend to other categories of geometric objects techniques

that work in the 2D-framework.

▶ Main operations for a CNN: the grid (regular) structure, the
convolution operation).

30 50 45 45 51 50

20 30 25 34 38 42

40 60 50 55 62 70

35 45 55 52 51 45

-1 -2 0

3 1 2

4 -4 -3

3 / 22



Introduction

Recap: several key concepts

▶ Manifold

▶ Tangent space

▶ Riemannian metric on a manifold; Riemannian manifold

▶ Exponential map, logarithm map (locally defined, depend on the
point!), these maps establish a correspondence between the
neighborhood of any point on a Riemannian manifold and its tangent
space.

▶ Geodesic
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Introduction

Key points

▶ Main goal: develop suitable ML-type pipelines on manifolds.

▶ How do we get suitable manifolds? How to know that a certain (if
possible, already studied) manifold could be useful? / How do we
know that our problem can be described by using the manifold set-up?

▶ How do we relate the manifold set-up to a ML pipeline (in terms of
operations to be performed)?
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Introduction

This lecture...

Two examples of manifolds used in ML pipelines. They have a particular
structure, which enables specific computations. Both of them are
implemented in Geomstats.

(1) Lie groups

(2) Symmetric-positive-definite (SPD) matrices

6 / 22

https://geomstats.github.io/_modules/geomstats/geometry/lie_group.html
https://geomstats.github.io/_modules/geomstats/geometry/spd_matrices.html


Learning techniques on Lie groups

What is a Lie group?

▶ Formally: a Lie group is a group (G , ·) that has the structure of a
finite dimensional smooth manifold such that the multiplication
operation and the inverse mapping are smooth functions.

▶ Actually: as examples, consider some natural transformations groups,
such as translations, rotations.

▶ Fixing an element a of a Lie group G one gets well defined maps
La : G → G , La(g) = a · g and Ra : G → G , Ra(g) = g · a.

▶ Let e denote the neutral element of G . The tangent space TeG of G
at e naturally has the structure of a Lie algebra (usually denoted by
g - the Lie algebra of G ). The Lie algebra g is a vector space
endowed with an operation called the Lie bracket [ ] : g× g → g.

▶ For every a ∈ G , the differentials of the maps La,Ra above yield
natural maps from g to the tangent space TaG .
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Learning techniques on Lie groups

Examples of Lie Groups

▶ (Rd ,+).

▶ The general linear group (GL(n,K), ·).
▶ The orthogonal group (O(n), ·).
▶ The special orthogonal group (SO(n), ·) - this example is detailed

later.

▶ etc.
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Learning techniques on Lie groups

The group (SO(n), ·)
▶ By definition

SO(n) = {A ∈ Mn(R) |A · AT = AT · A = In, det(A) = 1}.

▶ For n = 2 one has the following fact: a matrix 2× 2, say A, is an element of
SO(2) if and only if A has the form

A =

(
cosα − sinα
sinα cosα

)
for a suitable α.

▶ Actually A corresponds, in a natural manner, to the rotation of angle α.
Thus, the group SO(2) can be identified, in a natural manner, with the
group (S1, ·) (the circle S1 regarded as the multiplicative group of complex
numbers with absolute value 1).

The point PA = (cosα, sinα) = cosα + i sinα on the circle S1 corresponds to the matrix A.
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Learning techniques on Lie groups

The group (SO(n), ·)

▶ The Lie algebra of SO(n) is

so(n) = {X ∈ Mn(R) |X + XT = On, tr(X ) = 0}.

▶ For n = 2 one has the following fact: a matrix 2× 2, say ξ, is an
element of so(2) if and only if ξ has the form

ξ =

(
0 −a
a 0

)
,

for a suitable a. Actually giving ξ is equivalent to giving the real
number a.
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Learning techniques on Lie groups

The group (SO(n), ·)
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▶ The Lie algebra is

so(n) = {X ∈ Mn(R) |X + XT = On, tr(X ) = 0},

that is the vector space of n × n skew-symmetric matrices.

▶ The dimension of the Lie group SO(n) is n(n−1)
2 .

▶ Giving an element of SO(n) is equivalent to giving an orthonormal
frame with the same orientation with the canonical one. In turn, this
is equivalent to giving an orientation-preserving isometry of the
Euclidean space (Rn, <>0).

▶ For n = 1 the group reduces to a point, for n = 2 one has
SO(2) ≃ S1 (the circle group, the group of 2D rotations). The group
SO(3) is the group of 3D rotations.
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Learning techniques on Lie groups

A metric on the special orthogonal group

▶ The Frobenius inner product

< X1,X2 >= tr(XT
1 X2), X1,X2 ∈ TASO(n).

▶ Try to understand it through examples for n = 2 and for n = 3!
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Learning techniques on Lie groups

What about the exponential / logarithm?

▶ One can use the exponential and the logarithm map (take care!) for
matrices.

▶ Fix A ∈ SO(n). One has

expA(X ) = exp(XAT ),X ∈ TASO(n)

logA(B) = log(ABT ),B ∈ SO(n) “close to A”.
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Learning techniques on Lie groups

Example: the Lie group S1 and the exponential map

▶ The group (S1, ·) of complex numbers of absolute value 1 (see also
the group SO(2)); the Lie algebra is iR ≃ T1S

1

▶ The exponential map is the usual exponential iθ 7→ e iθ.
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Learning techniques on Lie groups

Application: Lie Group representation for skeletal data

Source: Huang et al., 2017
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https://openaccess.thecvf.com/content_cvpr_2017/papers/Huang_Deep_Learning_on_CVPR_2017_paper.pdf


Learning techniques on Lie groups

LieTransformer

Source: Hutchinson et al., 2021
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https://proceedings.mlr.press/v139/hutchinson21a/hutchinson21a.pdf


Applications of symmetric positive definite matrices

Geometry of the space SPD(n)
▶ Consider the vector space S(n) of symmetric matrices

S(n) = {A ∈ Mn(R) |A = AT}, dimRS(n) =
1
2n(n + 1).

▶ A matrix A ∈ S(n) is positive semi-definite if xTAx ≥ 0 for all x ∈ Rn.
The set of all positive semi-definite matrices is a convex cone C in S(n): for
any A,B ∈ S(n), λ > 0 one has A+ B ∈ S(n), λA ∈ S(n).

▶ Consider SPD(n), the set of symmetric, positive semi-definite and
invertible matrices (SPD=symmetric positive definite). This is an open set
in the cone C. Thus, SPD(n) has a natural structure of manifold of
dimension 1

2n(n + 1) (e.g. Moakher and Batchelor, 2006). This manifold is
actually the interior of a pointed convex cone.
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https://www.researchgate.net/profile/Maher-Moakher/publication/227258253_Symmetric_Positive-Definite_Matrices_From_Geometry_to_Applications_and_Visualization/links/0fcfd50f5ac640da61000000/Symmetric-Positive-Definite-Matrices-From-Geometry-to-Applications-and-Visualization.pdf
http://indico.ictp.it/event/a08167/session/124/contribution/85/material/0/0.pdf
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Applications of symmetric positive definite matrices

SPD-matrices: brain connectomes

Source: You et al., 2021
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https://www.sciencedirect.com/science/article/pii/S1053811920309496#fig0005


Applications of symmetric positive definite matrices

SPD-matrices: detection of brain state changes

Source: Huang et al., 2021
19 / 22

https://link.springer.com/chapter/10.1007/978-3-030-87234-2_51


Applications of symmetric positive definite matrices

SPD-matrices: application to face recognition

Source: Dong et al., 2017
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https://ojs.aaai.org/index.php/AAAI/article/view/11232


Applications of symmetric positive definite matrices

SPD-matrices: CV tasks

Source Gao et al., 2019, see also Gao et al., 2017
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https://www.sciencedirect.com/science/article/abs/pii/S0031320319301062
https://arxiv.org/pdf/1711.06540.pdf


Applications of symmetric positive definite matrices

Other references of applications involving the manifold
SPD(n)

▶ Jayasumana et al., 2013

▶ Huang and van Gool, 2017

▶ Brown et al., 2016
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https://www.cv-foundation.org/openaccess/content_cvpr_2013/papers/Jayasumana_Kernel_Methods_on_2013_CVPR_paper.pdf
https://ojs.aaai.org/index.php/AAAI/article/view/10866
https://arxiv.org/pdf/1611.08699.pdf
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