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Recap & key points

Recap: several key concepts

▶ Manifold

▶ Tangent space

▶ Riemannian metric on a manifold; Riemannian manifold

▶ Exponential map, logarithm map (locally defined, depend on the
point!), these maps establish a correspondence between the
neighborhood of any point on a Riemannian manifold and its tangent
space.

▶ Geodesic
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Recap & key points

Key points

▶ Main goal: develop suitable ML-type pipelines on manifolds.

▶ How do we get suitable manifolds? How to know that a certain (if
possible, already studied) manifold could be useful? / How do we
know that our problem can be described by using the manifold set-up?

▶ How do we relate the manifold set-up to a ML pipeline (in terms of
operations to be performed)?

▶ Last course: examples of manifolds of matrices. For instance:

SO(n) ⊂ O(n) ⊂ GL(n,R) ⊂ Rn2 .

In particular, one gets an embedding in an Euclidean space, which
allows to handle the elements of the manifold as numerical data.
Another example was represented by Lie groups (internal algebraic
operation, allowed the definition of convolution-like operations).
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The projective plane and the projective space

Motivation: tasks in Computer Vision
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The projective plane and the projective space

1st construction - geometric
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The projective plane and the projective space

1st construction - geometric

▶ One obtains the line at infinity (given by the points at infinity)

▶ The union between the geometric plane R2,and the line at infinity
yield the real projective plane, denoted by P2R.

▶ It is hard to “intuitively represent” the real projective plane. The
reason: it does not admit an embedding in the Euclidean space R3.
Other examples of surfaces that do not admit such an embedding in
R3 (but only in higher dimensional Euclidean spaces): the Möbius
strip (infinite); the Klein bottle.

▶ Can you describe the real projective line P1R? The complex projective
line P1C?
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The projective plane and the projective space

2nd construction - algebraic

▶ P2R can be algebraically described by using homogeneous
coordinates.

▶ Consider on the set R3 \{(0, 0, 0)} the equivalence relation ∼ given by
(X1,X2,X0) ∼ (Y1,Y2,Y0) iff there exists λ ̸= 0 such that Y0 = λX0,
Y1 = λX1, Y2 = λX2 (the same λ, as proportionality factor!).

▶ The equivalence class of an element X = (X1,X2,X0) is denoted by
[X1 : X2 : X0]. Thus, we have [1 : 2 : −5] = [2 : 4 : −10]. On the
other hand, [1 : 2 : −5] ̸= [1 : 2 : 5] and [1 : 2 : −5] ̸= [−5 : 2 : 1].

▶ One considers the set of equivalence classes (the quotient space)
C = {[X1 : X2 : X0]|(X1,X2,X0) ∈ R3 \ {0}}.

▶ Terminology. For an element ξ ∈ C, if ξ = [X1 : X2 : X0], then
(X1,X2,X0) are called the homogeneous coordinates of ξ. The
homogeneous coordinates are defined and are unique up to the
multiplication with a non-zero number.
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The projective plane and the projective space

The relationship between the two constructions
(i) There exists a natural inclusion map

ι : R2 ↪→ C, ι(x1, x2) = [x1 : x2 : 1].

The map ι is injective.

(ii) On the other hand, let [δ] be the equivalence class of a line δ modulo the
parallelism relation (intuitively, such an equivalence class can be regarded as the
infinity point of a line, in the sense that two parallel lines have a common point at
infinity and through this point passes any other line parallel with the two lines we
considered). Let (v1, v2) be a directing vector of δ (then any other vector of the
form (λv1, λv2), with λ ̸= 0 is also a directing vector of δ); these vectors are
directing vectors for any line parallel with δ. We have the correspondence

[δ](choose (v1, v2)) 7→ [v1 : v2 : 0] ∈ C.

This definition is coherent.

▶ Conclusion: There exists a natural 1:1 correspondence between the real projective
plane P2R (the geometric construction) and the set C of equivalence classes (the
algebraic construction). This means that in P2R one can use the homogeneous
coordinates.
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The projective plane and the projective space

Synthesis

▶ In conclusion, the real projective plane P2R contains two types of
elements:

▶ ”real points”: elements of the forms P = [X1 : X2 : X0] with X0 ̸= 0;

P corresponds to the point
(

X1

X0
, X2

X0

)
in the geometric space R2 (since

[X1 : X2 : X0] = [X1

X0
: X2

X0
: 1]),

▶ ”points at infinity”: elements of the form Q = [X1 : X2 : 0]. The
points at infinity yield a line, namely the line at infinity, which has
the equation X0 = 0.

▶ Facts:

▶ The whole construction can be generalized for arbitrary n (one
described above the case n = 2).

▶ The projective space can be endowed (in a natural manner) with a
manifold structure of dimension n (the projective plane is a
2-dimensional manifold, i.e. a surface).

▶ The projective space can be regarded as a quotient space:
PnR = Rn+1 \ {0}/R∗ ≃ Sn/Z2.
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The projective plane and the projective space

Transformations - homographies

▶ A homography is an isomorphism (defined in an appropriate
manner!) between projective spaces.

▶ In the case n = 2 a homography can be described by a 3× 3 matrix
with non-zero determinant and unique up to the multiplication with a
non-zero scalar.

▶ Consider the homographies given by the matrices

M1 =

 2 3 4
6 5 −1
0 0 1

 , M2 =

 2 −1 4
6 −4 8
3 1 2

 .

The homography corresponding to M1 leaves the line at infinity
(X0 = 0) unchanged. The homography corresponding to M2 changes
the position of the line at infinity. In particular, parallel lines are
transformed into concurrent lines.
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The projective plane and the projective space

Examples (I)

DeTone et al., 2016 - architecture of a deep CNN aiming to generate the
homography that relates two images.
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https://arxiv.org/pdf/1606.03798.pdf?ref=https://githubhelp.com


The projective plane and the projective space

Examples (II)

DeTone et al., 2018 - homographies used for boosting the geometric
consistency of an interest point detector.
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https://openaccess.thecvf.com/content_cvpr_2018_workshops/papers/w9/DeTone_SuperPoint_Self-Supervised_Interest_CVPR_2018_paper.pdf


The projective plane and the projective space

Examples (III)

Fernandez-Labrador et al., 2018 - the geometry of projective planes is
taken into account for 3D layout recovery of indoor scenes.
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https://arxiv.org/pdf/1806.08294.pdf


The Stiefel and the Grassmann manifolds

Motivation
▶ For some problems, one can construct models relying on linear

subspaces of the same Euclidean space.

▶ An example: Lee et al., 2003 - for video-face recognition. Steps: (i)
each person is represented by a manifold embedded in the ambient
Euclidean space; (ii) one gets a collection of subsets (called pose
manifolds); (iii) each pose manifold is approximated by a linear space
(actually a plane) - need to work in the space of all such planes in R3.
This is actually a manifold - the Grassmann manifold!
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https://www.researchgate.net/profile/Ming-Hsuan-Yang-2/publication/4022913_Video-based_face_recognition_using_probabilistic_appearance_manifolds/links/0912f50adc534d80ec000000/Video-based-face-recognition-using-probabilistic-appearance-manifolds.pdf
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The Stiefel and the Grassmann manifolds

The Stiefel manifold and the Grassmann manifold - definition

▶ Consider the set of k-orthonormal frames in Rn (1 ≤ k ≤ n).

Vk(Rn) = St(k , n) = {(w1, . . . ,wk) |wi ∈ Rn, ⟨wi ,wj⟩ = δij , ∀i , j}.

The set Vk(Rn) can be endowed in a natural manner with a manifold

structure of dimension nk − k(k+1)
2 . It is called the Stiefel manifold. For

instance, if k = 1, one has V1(Rn) ≃ Sn−1.

▶ Consider the set of k-dimensional subspaces of Rn (1 ≤ k ≤ n).

Gr(k, n) = {V ⊂ Rn, |V linear subspace, dimR V = k}.

The set Gr(k, n) can be endowed in a natural manner with a manifold
structure of dimension k(n − k). It is called the Grassmann manifold. For
instance, if k = 1, one has Gr(1, n) ≃ Pn−1R.

▶ One has a natural map

Vk(Rn) → Gr(k, n), (w1, . . . ,wk) 7→ Span(w1, . . . ,wk).

▶ Both manifolds have Geomstats implementations: the Stiefel manifold and
the Grassmann manifold.

17 / 26
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The Stiefel and the Grassmann manifolds

The Stiefel manifold and the Grassmann manifold - matrix

representations

▶ Example. Take n = 3, k = 2.

▶ The vectors u1 = (1, 0, 0)T , u2 = (0, 1, 0)T yield the 2-orthonormal frame
u = (u1, u2) ∈ V2(R3). One can associate to u the matrix

Mu =

 1 0
0 1
0 0

 .

▶ The vectors w1 = (
√
2
2 ,

√
2
2 , 0)T ,w2 = (−

√
2
2 ,

√
2
2 , 0)T yield the 2-orthonormal

frame w = (w1,w2) ∈ V2(R3). One can associate to w the matrix

Mw =


√
2
2 −

√
2
2√

2
2

√
2
2

0 0

 .

▶ The vectors t1 = (0, 0, 1)T , t2 = (0, 1, 0)T yield the 2-orthonormal frame
t = (t1, t2) ∈ V2(R3).

18 / 26
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The Stiefel and the Grassmann manifolds

The Stiefel manifold and the Grassmann manifold - matrix

representations

▶ Example. (continued)

▶ Denote by (x , y , z) the coordinates in R3. Consider the plane π : z = 0,
thus π ∈ Gr(2, 3). One can choose a frame of orthogonal vectors with norm
1 that span π (such a frame is not unique!).

▶ With the notations used on the previous slide, one has

Span(u1, u2) = π, Span(w1,w2) = π, but Span(t1, t2) ̸= π.

▶ One can choose the matrix Mu as a representative of π. However, this
matrix representation is not unique! The matrix Mw is also a representative
of π. One has Mu = Mw · Q, with Q ∈ O(2).
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The Stiefel manifold and the Grassmann manifold

Source: Edelman et al., 1998
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https://arxiv.org/pdf/physics/9806030.pdf


The Stiefel and the Grassmann manifolds

Applications (I)

Turaga et al., 2008 - statistics on Stiefel and Grassmann manifolds with
applications in Computer Vision
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https://www.researchgate.net/profile/Pavan-Turaga/publication/221363950_Statistical_analysis_on_Stiefel_and_Grassmann_manifolds_with_applications_in_computer_vision/links/0c960519015a671094000000/Statistical-analysis-on-Stiefel-and-Grassmann-manifolds-with-applications-in-computer-vision.pdf


The Stiefel and the Grassmann manifolds

Applications (II)

Huang et al., 2018 - deep network architecture by generalizing the
Euclidean network paradigm to Grassmann manifold
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https://homes.esat.kuleuven.be/~konijn/publications/2018/1611.05742.pdf


The Stiefel and the Grassmann manifolds

Applications (III)

Zhang et al., 2018 - approaches for network design on the Grassmann
manifold
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https://arxiv.org/pdf/1808.02229.pdf


The Stiefel and the Grassmann manifolds

Other applications

▶ Hamm and Lee, 2008 - Grassmann Kernels for subspace-based
learning problems

▶ Harandi et al., 2013. The paper deals with sparse dictionary learning
over the space of linear subspaces (i.e. the Grassmann manifold). The
authors use an embedding of the manifold in a space of matrices.

▶ Som et al., 2018. The paper constructs probability density functions
that capture topological noise of a given input data and that yields a
subspace structure, that is a point on a Grassmann manifold.
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https://proceedings.neurips.cc/paper/2008/file/e7f8a7fb0b77bcb3b283af5be021448f-Paper.pdf
https://openaccess.thecvf.com/content_iccv_2013/papers/Harandi_Dictionary_Learning_and_2013_ICCV_paper.pdf
https://openaccess.thecvf.com/content_ECCV_2018/papers/Anirudh_Som_Perturbation_Robust_Representations_ECCV_2018_paper.pdf
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The Stiefel and the Grassmann manifolds

Main theoretical references

Edelman et al., 1998
Absil et al., 2004
Zimmermann, 2017
Bendokat et al., 2020
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https://arxiv.org/pdf/physics/9806030.pdf
https://orbi.uliege.be/bitstream/2268/33242/1/published.pdf
https://arxiv.org/pdf/1604.05054.pdf
https://arxiv.org/pdf/2011.13699.pdf
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Further theoretical references

B. Conrad, Course Notes - Gluing Topologies
B. Conrad, Course Notes - Quotients by group actions
Henkel, 2005
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http://virtualmath1.stanford.edu/~conrad/diffgeomPage/handouts/gluing.pdf
http://virtualmath1.stanford.edu/~conrad/diffgeomPage/handouts/qtmanifold.pdf
https://arxiv.org/pdf/math/0308110.pdf
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